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Abstract 

The linear scalar quantum field, propagating in a globally hyperbolic spacetime, is a rel- 
atively simple physical model that allows us to study many aspects in explicit detail. In this 
review we focus on the theory of thermal equilibrium (KMS) states of such a field in a station- 
ary spacetime. Our presentation draws on several existing sources and aims to give a unified 
exposition. We also take the opportunity to weaken some of the technical assumptions of the 
earlier literature. In particular, we completely drop any assumptions on the behaviour of the 
norm and lapse of the Killing field. This is especially important for physical applications to 
the exterior region of a stationary black hole. 

Our review includes results on the existence of a unique ground state and of unique quasi- 
free KMS states, as well as an evaluation of the evidence that motivates the use of the KMS- 
condition to characterise thermal equilibrium. We especially draw attention to the poorly 
understood behaviour of the notion of temperature of a quantum field with respect to locality. 

If the spacetime is standard static (i.e. if it admits a Cauchy surface that is orthogonal 
to the Killing field) the analysis can be done even more explicitly. For compact Cauchy 
surfaces we consider Gibbs states and their properties. For general Cauchy surfaces we give 
a detailed and rigorous justification of the technique of Wick rotation, including the explicit 
determination of the Killing-time dependence of the quasi-free KMS states. 



1 Introduction 



For a quantum mechanical system with a Hilbert space Ji, a thermal equilibrium state can be 
described by the density matrix for the Gibbs grand canonical ensemble, 

.^^-ie-^(H-MJV)^ (1) 

where H is the Hamiltonian operator of the system, N the particle number operator, /? the inverse 
temperature and fi the chemical potential^ Z is a normalisation factor, which ensures that the 
trace Tr/o'^'^'''^ ~ 1. For this to be well-defined we need to know that e"^*^^^^^^ is a trace-class 
operator, a condition which can often be established in explicit models, especially when the system 
is confined to a bounded region of spacetime. 

For physical purposes it is of some interest to study thermal equilibrium in much more general 
situations than for the systems considered in quantum mechanics, such as for a quantum field 
propagating in a given gravitational background field. In these cases one immediately encounters 

*E-mail: kosanders@uchicago.edu 

'^We work in natural (Planck) units throughout: c = G = h = kg = 1. 
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three well-known problems: in a general curved spacetime there is no clear notion of particle, no 
clear choice of a Hamiltonian operator and, even if there were, the exponentiated operator in Eq. 
(Ill) may not be of trace-class. Additional problems arise if one wants to use the technique of Wick 
rotation, which has important computational advantages in the quantum mechanical case, but 
which requires a preferred choice of time coordinate that is well-behaved. 

In this review paper we treat the problems above for the explicit example of a linear scalar field 
propagating in a globally hyperbolic spacetime. We combine results and arguments from several 
sources into a unified exposition and we take the opportunity to show that some of the technical 
conditions made in the earlier literature may be dropped or weakened. 

It is well-known how to formulate a linear scalar quantum theory in all globally hyperbolic 
spacetimes [TJ [21 13] . A notion of particle and Hamiltonian can be introduced whenever the space- 
time is also stationary [5]. We will therefore focus on stationary spacetimes, for which the notion 
of global thermal equilibrium is (in principle) well- understood [H [S]. Under suitable positivity 
assumptions on the field equation we give a full characterisation of all ground states on the Weyl 
algebra and we describe in detail a uniquely preferred ground state f6[. More precisely, our as- 
sumptions are that the field should satisfy the (modified) Klein-Gordon equation 

□(/) + y?!) = 

with a smooth, real- valued potential y > which is stationary and strictly positive everywhere. 
Unlike [6] we do not insist that the ground state should have a mass gap, which allows us to drop 
the restrictions that the norm and the lapse function of the Killing field be suitably bounded away 
from zero. This is of some importance in certain physical applications, e.g. when the stationary 
spacetime is the exterior region of a stationary black hole [Tj [8]. In that case the norm of the 
Killing field may become arbitrarily small. 

Gibbs states as in Eq. [T] have a certain property, first noticed by Kubo ^ and Martin and 
Schwinger |10| and now known as the KMS-condition. This property was proposed as a defining 
characteristic for thermal equilibrium states by jll) , even when the Gibbs state is no longer defined, 
on the grounds that it survives the thermodynamic (infinite volume) limit under general circum- 
stances for systems in quantum statistical mechanics in Minkowski spacetime. Further support 
for this proposal comes from [12j , who studied the validity of the second law of thermodynamics 
for general C*-dynamical systems, and from the study of explicit models in quantum statistical 
mechanics [13]. In addition to its physical context, the KMS-condition has also become important 
in the abstract theory of operator algebras, where it is related to Tomita's modular theory (cf. 
[H Vol. II). 

In the case of a standard static spacetime (see Sec.[3]for the definition) with a compact Cauchy 
surface we will see that the Gibbs state of Eq. ^ makes sense. In the case of a general stationary 
spacetime we will give a full characterisation of all KMS states on the Weyl algebra and we 
describe uniquely preferred quasi- free KMS states at any inverse temperature [5]. Unfortunately, 
the arguments of pjj concerning the thermodynamic limit fail to work for quantum field theories. 
This indicates that the behaviour of the temperature of a quantum field, with respect to locality, is 
presently rather poorly understood, even in a spacetime with a favourable background geometry. 
With a view to physical applications, e.g. in cosmology, an improved understanding would be 
highly desirable. (At this point we would also like to point out that jl5] has recently proposed 
a notion of local thermal equilibrium in general curved spacetimes, but the merit of this new 
approach is as yet unclear and a review of these recent developments is beyond the scope of this 
paper.) 

In order to perform a Wick rotation we will restrict attention to spacetimes which are standard 
static. Under these geometric circumstances it is well-understood how KMS states can be obtained 
from a Wick rotation 4 and we show that any technical assumptions are automatically verified 
for the systems under consideration. After complexifying the Killing time coordinate we obtain 
an associated Riemannian manifold and we compactify the imaginary time coordinate to a circle 
of radius R. We then show that there exists a uniquely distinguished Euclidean Green's function, 
which can be analytically continued back to the original, Lorentzian spacetime. We will find the 
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explicit Killing-time dependence of this Green's function and on the Lorentzian side we recover 
the two-point distribution of a quasi-free KMS state with inverse temperature /3 = 27ri?. 

The contents of this paper are organised as follows. Section [5] below considers some basic fea- 
tures of thermal equilibrium states in an abstract, algebraic setting. The main aim is to elucidate 
the structure of the set of all ground or KMS states on the Weyl algebra, under suitable assump- 
tions. Section [3] provides a review of recent geometrical results on stationary, globally hyperbolic 
spacetimes and the subclass of standard static ones. In addition, it introduces the spacetime 
complexification procedure needed to perform the Wick rotation. After these algebraic and ge- 
ometric preliminaries we describe in Section 2] the linear scalar field under consideration, with 
a special emphasis on those results that derive from the presence of the time-like Killing field. 
This includes a discussion of the two-point distributions of thermal equilibrium states. Section [5] 
considers the set of ground states and the representation of the uniquely preferred ground state 
and it includes a discussion of the renormalised stress-energy-momentum tensor. Section [B] consid- 
ers thermal equilibrium states at non-zero temperature, from several perspectives. It contains the 
existence results of Gibbs states, under suitable assumptions, and it discusses the motivations to 
use the KMS-condition to characterise thermal equilibrium. Furthermore, it characterises all KMS 
states, including a uniquely preferred quasi-free one, and in the static case it provides a rigorous 
justification of the Wick rotation. A number of useful results from functional analysis, needed for 
Sections and ini are collected in Appendix El so as not to hamper the flow of the presentation. 
These results concern the relation between operators in Hilbert spaces and distributions and also 
strictly positive operators. 

2 Equilibrium states in algebraic dynamical systems 

Much of the structure of dynamical systems can be conveniently described in an abstract algebraic 
setting, which subsumes a great variety of physical systems. In this section we provide a brief 
overview of a number of notions and results relating to equilibrium states for such systems and 
a few more specialised results pertaining to Weyl C*-algebras. (For a detailed treatment of Weyl 
C*-algebras we refer to 16 and references therein.) 

Note that we generally do not assume any continuity of the time evolution, so our results 
must remain more limited than those for C* -dynamical systems or M^* -dynamical systems (cf. the 
general references |17j . |13j). This is in line with our physical applications later on, where we will 
consider the Weyl C*-algebra of certain pre-symplectic spaces. As it turns out, for these systems 
the time evolution will not be norm continuous in the given algebra, but there will be continuity 
at the level of the symplectic space. To accommodate for such situations, the results in this section 
will only make ad hoc continuity assumptions in suitable representations. 

2.1 Algebraic dynamical systems and equilibrium states 

We begin with the following basic definition: 

Definition 2.1 An algebraic dynamical system (2t, at) consists of a * -algebra 21 with unit I, 
together with a one-parameter group of * -isomorphisms at on 21. 

The algebra 21 is interpreted as the algebra of observables and at describes the time flow. 

A state cli on 21 is a linear functional w : 21— >■ C which is normalised, w(/) = 1, and positive, 
uj{A*A) > for all A € 21. Every state gives rise to a unique GNS-triple (tt^, 'Hut^lo) (up to unitary 
equivalence), where Hu: is a Hilbert space and tTu: is a representation of 21 on T-L^, in general by 
unbounded operators, such that the vector VL^ is cyclic for iTui^) and uj{A) = {Q.^,T:^{A)rL^) . 
We will denote the set of all states on 21 by ^(21). It is a convex set in the (algebraic) dual 
space 21', which is closed in the weak* -topology. We will call a state pure if any decomposition 
Lj — Xuji -|- (1 — A)cj2 with a;i,W2 G o5^(2l) and < A < 1 implies that loi = uj2 ^ io. 

For dynamical systems, the following class of states are of special interest: 
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Definition 2.2 An equilibrium state uj for an algebraic dynamical system (21, at) is a state u on 
21 such that a^uj = uj o at = lo for all t R. We denote the set of all equilibrium states by ^^(21) 
(suppressing the dependence on at). 

Note that ^^(21) is a closed convex subset of .5^(21). In the GNS-representation space of an equi- 
librium state Lu the time evolution at is implemented by a unitary group Ut via 

TTu:iatiA)) = Ut^u{A)U^\ A e 21. 

The group Ut is uniquely determined by the additional condition that Ut^u> — (cf. [13j Cor. 
2.3.17). If the group Ut is strongly continuous, it has a self-adjoint generator by Stone's Theorem 
f [T5] Thm. VIII. 8), so we may write Ut — e**'', where the self-adjoint operator h is called the 
Hamiltonian. 

2.1.1 Ground states 

Definition 2.3 A ground state w on an algebraic dynamical system (21, at) is an equilibrium state 
for which Ut = e'*^ is strongly continuous and the Hamiltonian h satisfies h > 0. We denote the 
set of all ground states by ^f''(2l) (again suppressing the dependence on at). 

A ground state is called non-degenerate when the eigenspace of h with eigenvalue is one- 
dimensional, i.e. hTp — implies ijj — Wl^^ for some A S C. 

A ground state is called extremal if any decomposition cj = Acl'i + (1 — A)w2 with uii,uj2 G ^^^^(21) 
and < A < 1 implies that loi — uj2 ^ uj. 

Note that pure ground states are always extremal. Furthermore, we have the following result, 
which is essentially due to Borchers jl9] : 

Theorem 2.4 Let uj be a ground state on an algebraic dynamical system (21, at) with 21 a C*- 
algebra. Then uj is non- degenerate if and only if it is pure. 

Proof: The strongly continuous unitary group Ut on "H^ defines a group of automorphisms on the 
von Neumann algebreH := 77^^,(21)" and the result of [19] is that Ut € for all i g R. Now any 
unit vector ip of the form ip — Xfl^i with X G y{' satisfies hi/j = X/if2^ = 0. Because flu; is cyclic 
for 9\, it is separating for so = Ail^j if and only ii X = XI. Thus, uj is non-degenerate if and 
only if $n' = CI, which means that u is pure ([14^ Thm. 10.2.3). □ 

In the case that 21 is commutative, ground states have a special property which is worth singling 
out. The proof involves analytic continuation arguments which are typical for the study of ground 
and KMS states: 

Lemma 2.5 Let uj be a state on an algebraic dynamical system (21, at) with 21 a commutative 
* -algebra. Then the following statements are equivalent: 

L LU is a ground state, 

2. uj{Aat{B)) = uj{AB) for all A,B andt eR, 

3. UJ is an equilibrium state with Ut = I for all i G M, in the GNS-representation of uj. 

Proof: Suppose that w is a ground state. For arbitrarily given A, _B S 21 we consider the func- 
tion f(t) := uj{Aat{B)) — uj{at{B)A). Because h > (by definition of ground states) we 
may use Lemma lA.lOl to define a bounded, continuous function F{z) on the upper half plane 
— t + iT\ T > 0} by 

F+{z) {7TUA*)^^,u''\UB)n^), 

which is holomorphic on r > and satisfies F+{t) — f{t) for t — Q. Similarly we can define a 
bounded continuous function F^{z) on the lower half plane by 

F.{z) := {Ti^(B*)n^,u-"^^^{A)n^), 

^ A ' denotes the commutant of an algebra and "the double commutant (cf . |14| ) . 
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which is holomorphic for r < and which again satisfies F-{t) = f{t) for r = 0, by commiitativity 
of 2t. It follows from the Edge of the Wedge Theorem [50] that there is an entire holomorphic 
function F which extends both and . F must therefore be bounded as well, so F is constant 
by Liouville's Theorem [5Q|. Restricting to r = we find f{t) = /(O), i.e. uj{Aat{B)) = uj{AB). 

Now suppose that the second item holds for w. Then uj is an equilibrium state (taking A — I) 
and using the group properties of at one easily shows that u!{Aat{B)C) = Lij{ABC) for alH e M 
and A,B,C^ 21. This implies that TT^{at{B)) = 7r^(i?) and hence that Ut — I on 7r^(2t)f2(^ for all 
i € K. As the latter space is dense in Hui, Ut — I for alH G M and h ~ 0. Finally, h — trivially 
implies that w is a ground state. □ 

Lemma 12.51 allows us to give a nice description of all ground and equilibrium states on those 
algebraic dynamical system (2t, at) for which 2t is a commutative C* -algebra. For this we make 
use of the classic structure theorem for commutative C*-algebras (cf. [H] Thm. 4.4.3), which tells 
us that there is a compact Hausdorff space X, unique up to homeomorphism, and a * -isomorphism 
a : 21— C{X), where C{X) is the C*- algebra of continuous, complex valued functions on X in 
the suppremum norm. The one-parameter group of * -isomorphisms /?( := a o at o a~^ on C{X) 
is then given by l3t{F) — ^ji^, where is a (uniquely determined) one-parameter group of 
homeomorphisms of X. We define the set of fixed points Xq {x S X\ (x) = x for all t E R}, 
which is closed in X and hence compact. 

Theorem 2.6 Using the notations above, the following statements are true for an algebraic dy- 
namical system (21, at) with 2t a commutative C* -algebra: 

1. There is an affine bijection between probability measures fi on X and states on 21 given by 
fjL I— > io^, where ijJ^i,{A) := dfi a{A). 

2. The state uj^ is pure if and only if fi is supported at a single point. 

3. LJf^ is an equilibrium state if and only if "ii^ fi ~ fi for all < G M. 

4- ujfj_ is a pure equilibrium state if and only if fi is supported at a single point in Xq- 

5. LOf^ is a ground state if and only if /i is supported on Xq . 

6. UJ is an extremal ground state if and only if it is pure. 

Proof: We only prove statement 5, as the others follow from standard results on cummutative 
C* -algebras and the definitions above (cf. [H]). By Lemma [2?5| uj^ is a ground state if and only if 
dn F{^tG-G) = for all F,G e C{X). Because 5'*G'- G = on Xq this is certainly the case 
when supp(/z) C Xq (cf. \]A\ Remark 3.4.13). Conversely, for any x G Xq in the complement of Xq 
we can find a t G R and an open set U C X such that x £ U and ^'t(C/) HU — 0|1 By Urysohn's 
Lemma [21] there is a G G C{X) with G{x) = 1 which vanishes onX\U. Note that G^^G = 0, so 
if (jj^ is a ground state we have d/i |Gp = — J-^ dfi G{^IG — G) = 0. As G{x) = 1 this entails 
that X ^ supp(/i). □ 

Note in particular that pure equilibrium states are automatically ground states. 
2.1.2 KMS states 

In physical applications, thermal equilibrium states can be characterised by the KMS-condition: 

Definition 2.7 A state lo on an algebraic dynamical system (2t, at)is called a /3-KMS state for 
/3 > 0, when it satisfies the KMS-condition at inverse temperature /3, i.e. when for all operators 
A, B € ^ there is a holomorphic function Fab on the strip := M x (0,/3) C C with a bounded, 
continuous extension to .such that 

FAB{t) = Lo{Aat{B)), FAB{t + ip) = uj{at{B)A). (2) 

^In detail; we may first choose a t £ R such that y := ^t{^) ¥^ ^- As X is Hausdorff we may find an open set 
V C X such that x eV and y ^V. Taking U := V \ ^-t(V) will do. 
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We will denote the set of all (3-KMS states by ^^('^^(21). A P-KMS state is called extremal if any 
decomposition lo = Xuji + (1 — X)lo2 with wi, W2 € ^('^) (21) and < A < 1 implies that wi = W2 = ^■ 

When 21 is a topological *-algebra and a; is a continuous state, then it suffices to require the 
existence of Fab for A,B in a, dense sub-algebra of 21, as we will see in Proposition 12.81 below. 
When (2t, at) is a C*-dynamical system one may also drop the requirement that Fab is bounded 
([13] Prop. 5.3.7). 

The motivations behind this condition will be discussed in some detail in Section [6l in the 
context of our physical applications to the linear scalar field. Note, however, that a ground state 
satisfies a similar condition with /3 = (X), when we identify S^, respectively S^, with the open, 
respectively closed, upper half plane. (This may be seen by same methods as used in the proof of 
Lemma 12.51 

The following general results again rely on analytic continuation arguments: 

Proposition 2.8 Let u be a /3-KMS state on an algebraic dynamical system (21, at). Then the 
following hold true: 

1. LO is an equilibrium state. 

2. For all A, B G 2t we have \Fab{z)\'^ < max{uj{AA*)uj{B* B),uj{A* A)uj{BB*)). 

Proof: For any B the function Fjb{z) satisfies Fisit) — FjB{t + ijS). Let F{z) be the periodic 
extension of Fib{z) in Im(z) with period /3. Then F is continuous and bounded on C and it is 
holomorphic, even when Im(z) e /3Z, by the Edge of the Wedge Theorem [50]. F must then be a 
constant by Liouville's Theorem, so FiB{t) — Fib{0), i.e. oj{at{B)) = uj{B), so w is in equilibrium. 
For any operators A, B S 21 the corresponding function Fab on satisfies 

\Fab{z)\ < supmax{\FAB(t)\,\FAB{t + im ■ 

tea 

by Hadamard's Three Line Theorem ([H], Appendix to IX. 4). The second statement then follows 
from the first and the Cauchy-Schwarz inequality. □ 

Corollary 2.9 For any /? > 0, 5^'^'^-' (21) is a weak* -closed convex subset o/ 5^(21). 

For commutative algebras a state a; is a /3-KMS state if and only if it is a ground state (cf. 
Lemma 12. 5p . 

2.2 Weyl C*-algebras 

For our physical applications to the linear scalar field we will make use of an algebraic formulation 
involving Weyl C* -algebras. In preparation for those applications we will now briefly review some 
fundamental aspects of these algebras (see [H]), especially in relation to ground states. 

We consider a pre-symplectic space {L,a), which means that L is a real linear space and cr is an 
anti-symmetric bilinear form. We call {L,a) a symplectic space if and only if a is non-degenerate, 
which means that a{f, /') = for all f ^ L implies / = 0. 

For each pre-symplectic space {L,a) there is a unique C* -algebra generated by linearly inde- 
pendent operators W{f), f & L, subject to the Weyl relations 

W{f)W{f)=e^'^^f-f'^Wif + f), W{fr^W{-f) (3) 

(cf. [16]). This is the Weyl C* -algebra, which we will denote by yV(i,cr). By construction, the 
linear space generated by all W{f), but without taking the completion in the C*-norm, is also 

o o 

*-algebra, which we will denote by W(i, a). We can identify W{L, a) as a dense subset of W(L, a). 

o 

Every state on >V(i,cr) restricts to a state on W{L,a), but we even have the following stronger 
result: 
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Lemma 2.10 The restriction map r : {W [L , a)) ,y{'W{L,a)) is an affine homeomorphism 
for the respective weak* -topologies. 

o 

Proof: Any state uj on yV(i,CT) defines a GNS-representation and wc have ||7rt^(yl)|| < 
by construction of W(L, cr) (cf. [16) . Prop. 3-4). Hence, w has a unique continuous extension 
to yV(L, cr), which proves that r is a bijection. The fact that r is affine is clear and that it 
is a homeomorphism in the weak*-topology follows from the fact that the weak*-topology on 
a bounded set in the continuous dual space yV(L, a)' is already determined by the dense set 
>V(L,cr) C >V(L,ct). □ 

The Weyl C*-algebra yV(L, 0) is commutative, so there is a *-isomorphism a : yV(i,0) — ^ 
C{X), where in this case we may identify X = L a.s the dual group of L, viewed as an additive 
group [TCT (see also [T3j Prop. 4.4.1). Elements of this dual group are characters on L, i.e. group 
homomorphisms from L to the unit circle (as a multiplicative group). 

Remark 2.11 For any pure state p G S^{W{L^Q)) we can define a * -isomorphism T^p : W(L, 0) — >■ 
W(L,0) hy continuous linear extension of r]p{W{f j) := p{W{f))W{f), using the fact that for 
the pure state p we have p{W{f)W{f')) = p[w{f))p{W(f')) (cf Jl^ Prop. HI and JB^). The 
* -isomorphisms rjp are sometimes known as gauge equivalences of the second kind. 

The state space 5^{W[L,Q)) contains a special pure stated pi, defined hy Pi{W{f)) = 1 for 
all f £ L. It is easy to verify that p — ri*pi for all pure states pS^{yV{L, 0)). 

It will be interesting for us to compare the state space of the Weyl C* -algebra W(i, a) with 
that of the commutative Weyl C*-algebra W{L, 0)11 

Lemma 2.12 For every lo' G ^{W{L,a)) there is an affine map -.^{WiL.Q))^ S^{W{L, a)), 
given hy 

\^'{p){W{f)) ■.= J{W{f))p{W{f)). 
weak* -continuous and it is injective when uj'{W{f)) 7^ for all / G L. 

Proof: Let p G ^"{W{L,0)) and define the linear map u}{W{f)) u}' {W {f)) p{W (f)) on the *- 

o 

algebra W(i, a). (This is well-defined, because the operators W{f) are linearly independent.) By 
definition w(/) = 1 and we now show that w is in fact a state. For any A — J27=i CiW^(/i) € W(i, a) 
we have 

n n 

u;{A*A) = J2 c^cMW{-f^)W{f,)) = ^ c^c,oj'>{W{-f,)WUjMW{-f,)W{f,)) 

by the Weyl relations. Both uj°{W{-fi)W{fj)) and iV^ := p(W{~f,)W{fj)) are positive 

N X iV-matrices. It follows that their element-wise product (i.e. the Hadamard product or Schur 
product) is also positive, by Schur's Product Theorem ([23 Ch.6 p. 94 or [24 ). Hence, uj{A*A) > 

o 

and is a state on yV(L,(T), which has a unique continuous extension to yV(L,(T). This proves 
that X^i is well-defined and the fact that it is affine is immediate, as is the injectivity, under the 
assumption that uj'{W{f)) 7^ for all f £ L. For continuity we combine Lemma [2. 101 with the fact 

o o 

that the map p i-> cj is weak* -continuous from y{yV{L,0)) to J^{yV{L,a)), by construction. □ 
2.2.1 Quasi-free and C'^ states 

On any Weyl C*-algebra there is a special class of states, called quasi-free states, which are 
distinguished by their algebraic form. They are obtained from the following well-known result: 

*Not to be confused with the tracial state po, defined by po(W{f)) = for all / 7^ 0, which can be defined on 
any Weyl C*-algebra, commutative or not. 

^Note that the algebras VV(-L,Acr), < A < 1, may be viewed as a strict and continuous deformation of the 
commutative algebra VV(L,0) |22l . 
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Theorem 2.13 Let (L,cr) be a pre-symplectic space. A Hermitean inner product uji on the com- 
plexification L^'C defines a state lj on W(L,(t) by continuous linear extension of 

u^{W{f))^e---^-^f'f\ feL, 
if and only if for all f,f' G i ® C; 

1. u!2{f,f) > (positive type), 

2. 2a;2-(/, /') i^2(/, /') — ^2{f', f) ~ io'if, /') (canonical commutator). 

We will call L02 a two-point function, even though it may not always be viewed as a function of 
two points x,y G M. The two-point function uj2 can be characterised alternatively in terms of a 
one-particle structure (apparently first introduced by [B]): 

Definition 2.14 A one-particle structure on a pre-symplectic space {L,a) is a pair (p, /C) con- 
sisting of a linear map p:L ® C-^JC into a Hilbert space JC such that 

1. p has dense range in K,, 

2. {v{l).p{f'))-{p{f').p{f))=i<y{fJ')- 

A two-point function lj2 determines a unique one-particle structure {p,)C), where K. is defined 
as the Hilbert space completion of i (g) C, after dividing out the linear space of vectors of zero 
norm, in the inner product (/,/') := uj2{f,f') and p{f) :— [/], the equivalence class of / under 
dividing out the zero- norm vectors. This we call the one-particle structure associated with W2- 
Conversely, given a one-particle structure, one can define an associated two-point function by 
setting u;2 (/,/') 

A wider class of states which will be of interest is the following: 

Definition 2.15 A state lu on the Weyl C*-algebra W (or VV^^'j is called C'' , k > 0, when the 
maps 

w„(/i, . . . , /„) := i-ird,, ■ ■ ■ d,MW{sifi) ■ ■ ■ M^(s„/„))U,=...=.„=o 

are well-defined linear maps on M^" for all I < n < k. The ujn are called the n-point functions. 
A state is called C°° , when it is for all k > 0. 

When w is a quasi-free state, all higher n-point distributions exist and can be expressed in 
terms of the two-point distribution uj2 via Wick's Theorem. For such states it only remains to 
analyse the two-point distributions 102- 

One reason why quasi-free states are of interest is the following 

Theorem 2.16 Let (i, a) be a symplectic space and let lu be a state onyV{L,a). u!2, as defined 
in Definition \2.15[ defines a two-point function in the sense of Theorem \2. 13\ and hence u)2 defines 
a unique quasi- free state to' and a one-particle structure {p, K,) . Then, 

1. ijj' is pure if and only if p has a dense range already on L (without complexification) . 

2. If u' is pure, then uj =^ uj' . 

The claim that W2 is a two-point function is a standard exercise. The characterisation of pure 
quasi-free states in terms of their one-particle structures was established in fj. Lemma A. 2. The 
fact that this implies uj = uj' \s & theorem due to [25] , 
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2.3 Quasi-free dynamics on Weyl C*-algebras 

A pre-symplectic isomorphism T oi (L, a) is a real-linear isomorphism T: L which preserves the 
pre-symplectic form, a{T f, T f ) — a{f, /'). Each pre-symplectic isomorphism gives rise to a miique 
♦-isomorphism ut of W(L,cr) such that aT{W{f)) = W(Tf) (see 16], or also [13] Thm. 5.2.8). 
Hence, a one-parameter group of pre-symplectic isomorphisms Tt gives rise to a one-parameter 
group at of * -isomorphisms on yV(L,cr). Not every one-parameter group of * -isomorphisms on 
W(L, cr) arises in this way, but the time evolution that we will be interested in for our physical 
applications does. 

Definition 2.17 A one-particle dynamical system {L,a,Tt) is a one-parameter group of pre- 
symplectic isomorphisms Tt on a pre-symplectic space {L,a). The associated algebraic dynamical 
system {yV{L,a),at) with at{W{f j) = W{Tf) is called quasi-free. 

An equilibrium one-particle structure {p,JC) on a one-particle dynamical system {L,a,Tt) is 
a one-particle structure on {L,a) for which there is a one-parameter unitary group Ot, defined 
implicitly by OtP = pTt . 

A ground one-particle structure is an equilibrium one-particle structure (p, /C) for which the 
unitary group Ot = e**^ is strongly continuous and H > 0. 

A KMS one-particle structure at inverse temperature (3 > is an equilibrium one-particle 
structure {p,lC), with associated two-point function UJ2, such that for all f,f' £ L there exists a 
bounded continuous function Fffi on S^, holomorphic on its interior, satisfying 

Fff,{t)^^2{f,Ttf'), Fff,{t + zP)=^2{Ttf',f). 

An equilibrium one-particle structure is called non-degenerate when Ot = e**^ is strongly 
continuous and is not an eigenvalue for H . 

Note that a quasi-free state uj with two-point function uj2 is in equilibrium for a quasi-free dynami- 
cal system if and only of the associated one-particle structure {p, K.) is in equilibrium. Furthermore, 
we have 

Proposition 2.18 Let uj be a equilibrium state on a quasi-free algebraic dynamical system 
(yV(iy, cr), Of). Let {p,K,) be the one-particle structure associated to L02 and assume that loi = 0. 

L If UJ is a (non- degenerate) ground state, then {p,IC) is a (non-degenerate) ground one-particle 
structure. 

2. If UJ is a j3-KMS state, then (p, /C) is a j3-KMS one-particle structure. 
When UJ is quasi-free, the converses of these statements are also true. 

Proof: We may identify /C as a closed linear subspace of the GNS-representation space T-Luj , spanned 
by the vectors := ^uj{f)^uj '■= —idsT^uj{W{sf))iluj\s=o- This derivative is well-defined, because 
a; is C^. The unitary group Ut on Huj restricts to a unitary group Ot on /C and the generator h of 
Ut restricts to the generator h oi Ot. Also note that JC is perpendicular to flu:, because wi = 0. It is 
then clear that when w is a (non-degenerate) ground state, then H is (strictly) positive and {p, K.) 
is a (non-degenerate) ground one- particle structure. When cj is a /3-KMS state and f,f'eL,we 
may take A{s) := s~^{W{sf) — I) and B{s) := s~^{W{sf') — I) for any s ^ to find functions 
Fa(s)b{s) - Because w is C^, the functions uj{A* {s)A{s)) and u}{A{s)A* (s)) have well-defined limits 
as s — >■ 0, and similarly for B. We may then use Proposition 12.81 to take the uniform limit of 
—Fa{s)B{s') as s, s' — >■ 0, which yields the desired function F//'. This proves both items. 

If UJ is quasi- free, its GNS-representation is a Fock space, Hu: = ©J^o^+.n^*^"' where P+^n is 
the projection onto symmetrised n-fold tensor product. Ut is the second quantisation of Ot and h 
is the second quantisation of H. For the converse of the first statement we note that w is a (non- 
degenerate) ground state iff the restriction of h to each n-particle space with n > 1 is (strictly) 
positive. If {p, K.) is a (non-degenerate) ground one-particle structure, then H is (strictly) positive. 
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The restriction hn of h to P+^n/C*^" is given by HnP+.n, where Hn is defined to be the operator 
Hn := ^^^"^ (g>H(g) on the algebraic tensor product D{H)'^" of the domain D{H) of 

H. By Nelson's Analytic Vector Theorem ([18 Thm. X.39), Hn is essentially self-adjoint (because 
H is). The closure of each summand in Hn is a (strictly) positive operator (by Lemma |A.4[) . (As 
Hn > H (E) J"*"-!^ Hn is also strictly positive by Lemma [A.Sl ) Hence, hn is (strictly) positive for 
n > 1 and w is a (non-degenerate) ground state. 

Now we turn to the converse of the second statement. One may use the Weyl relations and the 
quasi-free property to find 

coiWif)atiW{n)) = Lu{W{f))uj{W{f'))e-'^^™'l 

Using Fffi in the exponent yields the desired Fw{f)w(f')- For finite linear combinations of Weyl 
operators the desired property is now clear and for general operators in yV(L, cr) one appeals to 
Proposition l2.8l and a limiting argument. □ 

One of the nice aspects of quasi-free one-parameter groups is that we may view Tt also as a pre- 
symplectic isomorphism of (i,0), so we may compare the corresponding quasi-free one-parameter 
groups on yV(L, cr) and on yy(L, 0). In this context we prove the following result (adapted from 

my 

Proposition 2.19 Let (L,cr,Tt) be a one-particle dynamical system and consider the correspond- 
ing quasi-free dynamical systems (yV(L, ct), ) and (yV(L, 0), /3f). Let lo'^^^ € 'S'^^^ {yV{L,a)) he a 
quasi-free KMS state whose two-point function defines a non- degenerate equilibrium one-particle 
structure. Then there is an affine homeomorphism A(^) : ^#'^(yV(i, 0)) — >■ $#^^^(yV(L, cr)), which is 
given by 

A(«(p)(W^(/)) u:^^\W{f))piWif)), f e L. 

Similarly, if uj'^ G J#°(yV(i, cr)) is a quasi-free, non-degenerate ground state such that the strong 
derivative dtTri^o{at{W{f)))rti^o\t=o exists for all f G L, then there is an affine homeomorphism 
Ao:^°(W(L,0))-^^°(yV(L,cr)), which is given by 

HpKWif)) ^^^Hw{f))piw{f)), feL. 

Proof: First consider the KMS case. It follows from Lemma 12.121 that A(y3) := A^o) defines a 
continuous affine map from '^°{yV{L,O j) to y{yV{L, a)), which is injective because w^'^HW^l/)) = 
e-i"2'''(/^/) 0. If p e '^^'^{yV{L,Q)), then oj :— A(^)(/9) is invariant under at, because uj^^'^ and p 
are equilibrium states for at and /3t, respectively, and these one-parameter groups are quasi- free 
with the same underlying Tt. For any A = Yl,i=i CiW^(/i) and B = X]r=i ^iW^fl) in yV{L,a) we 
have 

n 

ojiAatiB)) = c,d,JPHW{f,)at{W{f^)))p{W{f.)W{f^)), (4) 

ij = l 

by a short computation involving the Weyl relations and the properties of p established in Lemma 
12.51 A similar computation for (jj{at{B)A) and the KMS-condition for w'^'^-' now imply the existence 
of a function Fab as needed for the KMS-condition for u. For the operators in the C* -algebraic 
completion WiLja) one uses Proposition l2.8l 

For ground states, Eq. ^ implies that the unitary group Ut that implements at in the 
GNS-representation of uj is weakly continuous and hence strongly continuous. The dense domain 
T^uj{yV{L, a)))n^ is invariant under the action of Ut and one may show that Ut = e**'* has strong 
derivatives there, because the same is true for w". Hence this domain is a core for the Hamiltonian 
h (see e.g. Thm. VIII. 10 of [iQ)- Taking the derivative with respect to t of Eq.^ shows that 
/i > by Schur's Product Theorem (cf. the proof of Lemma [2321) ■ This proves that is a ground 
state. 

We now turn to surjectivity. Given any uj e ?#^^^(W(i, a)) we may define the linear map p on 
W{L,0) by piWif)) for all / G L, because uj^f^HWif)) ^ 0. Given any fJ'eL 
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we now let Fwl-f)w{f')('^) ^^'^ ^w{-f)W{f'){z) be the functions on Sp, obtained from the KMS- 
condition for w'^^) and w, respectively. Note that (z) = Ce^-'^-f.f''^^\ by the one- 

particle KMS-condition for (cf. Proposition [IHI), where C := exp(-i(wO(/, /)+ a;0(/', /'))). 
Hence, 

Giz) := {Fwl-f)w{f')i'')y^Fwi~f)w{n{z) 

defines a bounded and continuous function on which is holomorphic in its interior. Furthermore, 
G(t) = p{W{-f)l3tiW{f)) and G{t + il3) = p{l3tiW{f)W{-f)). As p is a state on a commutative 
C*-algebra it then follows that G{z + i/3) = G{z) and we may extend G periodically to a bounded 
continuous function on C, which is entire holomorphic by the Edge of the Wedge Theorem [20] . 
Hence, G is constant (by Liouville's Theorem) and p{W{-f)(3t{W{f')) = p{W{-f)W{f)) for ah 
t G M. A similar argument holds for the case of ground states. 
For any A = Y^^=i CiW{fi) we have 

For some i > we now let F^^ := J2m=o Jt'Tm.tfi for any M £ N. Using the previous paragraph 
one shows that p{W {- F^^ )W {Ff )) = p{W{-f^)W{fj)), from which we find 

0<Y^ -,c,eM-l^^f\F^' ~ Ft\F^^' ~ Ft'))p[W[-f,)W{f,)). 

ij = l 

However, as the one-particle structure {p,IC) associated to Wj^'' (or cj*^) is non-degenerate, we see 
from von Neumann's Mean Ergodic Theorem ([H] Thm. H.ll) that Huim^oo piF.^') = 0. The 
exponential term will then converge to 1 as Af — >■ c», leading to the conclusion that p is positive. 
The unique extension of p to a state on W(i, 0) is a ground state by the result of the previous 
paragraph and Lemma l2.5l To see that A(^) (or Aq) is a homeomorphism it suffices to note that the 

inverse map uj ^ p is weak* -continuous from '^'^l^\W{L,a)) (or J#°(W(L, cr))) to J#°(W(i,0)), by 
construction. □ 

Note that for any quasi- free one-parameter group of * -isomorphisms on yV(L,0), the set 
(yV(L, 0)) of pure ground states always contains pi. All other pure ground states can be obtained 
from pi by suitable gauge equivalences of the second kind (cf. Remark |2. lip . 



3 Review of geometric results 

Before we consider the details of the linear quantum field it is in order to study the spacetime 
in which it propagates. In the paragraphs below we will describe the class of stationary, globally 
hyperbolic spacetimes and the subclass of standard static spacetimes. For the latter case we also 
introduce the complexification and Euclideanisation that are necessary in order to perform a Wick 
rotation. Our exposition here is a brief review of recent results of [17] and [5S] . 

We assume that the reader is already familiar with the following standard terminology, which 
will be used throughout (cf. the reference book [H]): 

Definition 3.1 A spacetime M — (A4,g) is a smooth, connected, oriented manifold A4 of dimen- 
sion d > 2 with a smooth Lorentzian metric g of signature ( h . . . 

A Cauchy surface in M is a subset Y, <Z M that is intersected exactly once by every inex- 
tendible time-like curve in M . A spacetime is said to be globally hyperbolic when it has a Cauchy 
surface. 

For a spacetime M we note that the manifold M. is automatically paracompact (see the appendix 
of [30]). We are mainly interested in spacetimes that are globally hyperbolic, because they allow us 
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to formulate the linear field equation as an initial value (or Cauchy) problem. We will only consider 
Cauchy surfaces that are space-like (and hence smooth) hypersurfaces [31]. A globally hyperbolic 
spacetime is automatically time-orientable and we will assume that a choice of time-orientation 
has been fixed. It follows that any Cauchy surface is also oriented. Our notions and notations for 
causal relations, the Levi-Civita connection, etc. follow standard usage (cf. [29]). We will generally 
let h denote the Riemannian metric on a Cauchy surface S induced by the Lorentzian metric g 
on M, and we let V''*-' denote the corresponding Levi-Civita connection on E. Spacetime indices 
a,b, . . . are chosen from the beginning of the alphabet and run from to d — 1, whereas spatial 
indices are denoted by and run from 1 to d — 1. 

3.1 Stationary spacetimes 

Stationary spacetimes come equipped with a preferred notion of time-flow, which is mathematically 
encoded in the presence of a time-like vector field. To be precise: 

Definition 3.2 A stationary spacetime (M, ^) is a spacetime M together with a smooth, complete, 
future-pointing, time-like Killing vector field ^ on M . 

Here completeness means that the corresponding fiow S:M x A^— >A^, defined by S(0,x) — x and 
d'E.{t,x;dt,Q) = ^(S(t, a;)), is a well-defined diffeomorphism for all i e K. This flow is interpreted 
physically as the flow of time and following standard usage we write St : Al — > for the map 
St(x) := S(t,x). 

^ is a Killing vector held if it satisfles Killing's equation, V {aS,b) = OO Equivalently, it means 
that "Big — g for all t S M, where * denotes the pull-back. Physically speaking it means that the 
spacetime metric is independent of time. 

Example 3.3 (Standard stationary spacetimes) Examples of stationary spacetimes are eas- 
ily obtained by the following construction. Let S be a manifold of dimension d — \, let h be a 
Riemannian metric on S , let v > be a smooth, strictly positive function on S and let w be a 
smooth one-form on S such that h^^WiWj < v'^ . One now defines A4 := R x S with canonical 
projection map it : M. ^ S and the canonical time coordinate t : — ?> M. A stationary spacetime 
M = {Ai,g) is then obtained by defining 

g := -{TT*vfdt®'^ + 2Ti*{w) (S,dt + TT*h, 

where ®s is the symmetrised tensor product. We will always choose adapted local coordinates on 
M, i.e. coordinates {t,x^) such that the a;* are local coordinates on S, unless stated otherwise. 

Note that g indeed has a Lorentz signature and that the canonical vector field dt on R can be 
pulled back by t to a Killing vector field ^ on M . On S we can write = Nn"" -\- N"" , where n° is 
the future pointing unit normal vector field to S d M and UaN"" ~ 0. The function N is known 
as the lapse function and N"" as the shift vector field. They are related to v and w by 

N=(v^ + h'^ ) 5 , N' = h'^ Wj , 

where we use the fact that is tangent to E, so the component for a = vanishes (in adapted 
local coordinates). The inverse of the metric takes the form 

g-^ = -N-^df^ + 2N-^N'dj ®s dt + {h'^ - N-^N'N^)d^ «) dj, 

where h^^ is the inverse of the Riemannian metric h. 

Definition 3.4 A stationary spacetime of the form o f Example \3.3\ is called a standard stationary 
spacetime. 

®The round brackets in the subscript denote symmetrisation as an idempotent operation. 
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Note that a standard stationary spacetime is uniquely determined by the data {S, h, v, w). However, 
different data may give rise to the same spacetime, because there is a lot of freedom in the choice of 
the surface S <Z M . This is another way of saying that a stationary spacetime has a preferred time- 
flow, given by the Killing vector field, but it may not have a preferred time coordinate, because we 
can choose different canonical time coordinates which vanish on different spatial hypersurfaces. 

Although not all stationary spacetimes are standard^ they are the only ones of interest to us 
because of the following result: 

Proposition 3.5 Let M be a stationary spacetime which is globally hyperbolic. Then M is iso- 
metrically diffeomorphic to a standard static spacetime. 

This is Proposition 3.3 of [15] • The proof is elegant and short and we include it here for complete- 
ness: 

Proof: Fix a Cauchy surface S C Af and use the flow S of the Killing vector fleld to deflne 
a local diffeomorphism t/; : M x E — > M by tlj{t,x) — S(i,a;), The curves t i— > ip{t,x) are time- 
like and inextendible, because ^ is assumed to be complete. This means that they intersect E 
exactly once, proving that tp is both injective and surjective and hence a diffeomorphism. We 
define M' := (M x S, ip*g) and it remains to show that M' is standard static. This follows easily 
from the fact that = dt, where t is the canonical time-coordinate on M', together with the 
fact that dtip*g = 0, which is Killing's equation. □ 

A more complicated issue is the converse question, whether a standard stationary spacetime 
is globally hyperbolic. A full characterisation of those data {S, h, v, w) that give rise to a standard 
stationary spacetime M which is globally hyperbolic was recently given by . It should be noted 
that S need not be a Cauchy surface, even if M is globally hyperbolic. A full characterisation of 
those data for which S' is a Cauchy surface was also given in [27]. To close this section we will 
sketch the main ingredients of this analysis and state the main results, although they will not be 
needed in the remainder of this paper. 

Let s 7(s) := (t{s),x{s) be a smooth, time-like curve in a standard stationary spacetime M 
with data {S, h, v, w). The fact that 7 is time-like can be stated as the quadratic inequality 

hiji'x^ + 2wixH - v'^P < 0, 

where ' denotes a derivative w.r.t. s. If 7 is future pointing this leads to 

i > v'^w^x' + {v-^{w^x')^ + v-^hijx'x^Y =: F{x), 
whereas for past-pointing 7 we find 

i < v-^w^x' - {v-'^iw^iy +v-^h,jx'x^)^ =: -F{x). 

F and F are smooth, strictly positive functions on TS \ 0, where denotes the zero section]^ 

It turns out that the questions concerning the causality of the standard stationary spacetime 
with data {S, h, w, v) can be determined entirely from the properties of S with respect to F and 
F. As for a Riemannian metric, we can use F to define the length of a smooth curve 7: [0, 1]— t-S* 
as If{i) '■= Jq F{'yis))ds and from that we can define a generalised distance function 

dip,q) := inf hh), 
iec{p,q) 

where C{p,q) is the set of all piecewise smooth curves from p to q. d satisfies all properties of a 
distance function, except symmetry. Indeed, if 7(5) := 7(1 — s) we have Ipil) = ^#(7): which in 
general differs from If{c). However, taking the ordering into account one can still define notions 

^ Consider e.g. Minkowski spacetime and compactify an inertial time coordinate to a circle. 

® In fact, F and F define Finsler metrics on S of Randers type. We refer the interested reader to |27| for a brief 
introduction or to ^32i for a full exposition on Finsler geometry. 
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of forward and backward Cauchy sequences and corresponding notions of forward and backward 
completeness for the pair {S,F) [5^[?7] . 

We now state without proof the results on the causality of standard stationary spacetimes 
(Thm. 4.3b, Thm. 4.4 and Cor. 5.6 of [17]). 

Theorem 3.6 Let M be a standard stationary spacetime with data (S,h,v,w). 

1. M is globally hyperbolic if and only if for all x ^ S and all r > Q the symmetrised closed ball 
Bg{p,r) := {x\ d{p,x) +d{x,p) < r} is compact. 

2. S <Z M is a Cauchy surface if and only if {S, F) is both forward and backward complete. In 
this case all hypersurfaces St ■= {t} x S are Cauchy. 

3. If M is globally hyperbolic, then [S, h) is a complete Riemannian manifold with 

h := V n + V w (E) w. 

We record for completeness that the inverse metric of h is given by h^^ = v^K^^ — v'^N~'^N^N^ = 
v^g^^ , where g^^ is expressed in adapted coordinates. 

3.2 Standard static spacetimes 

We have noted before that stationary spacetimes have a preferred time flow, but they may not 
have a preferred time coordinate. This is different for standard static spacetimes, which we will 
describe now. For a fuller discussion of static spacetimes we refer the reader to [28] and references 
therein. 

Definition 3.7 A static spacetime ill = (-^,.9,0 stationary spacetime with a Killing vector 
field ^ that is irrotational. 

The property that ^ is irrotational means that the distribution of vectors orthonogal to ^ is 
involutive, i.e. [X, y]°^a = when X°-^a = Y'^S.a = 0. This can be expressed equivalently af0 

By Frobenius' Theorem (f^HI Thm. B.3.2) ^ is irrotational if and only if M can be foliated by 
hypersurfaces orthogonal to ^. 

If i ~ 1, . . .d — 1, are local coordinates on a (c? — l)-diniensional hypersurface H C M 
orthogonal to ^ we can (locally) supplement them by the parameter t appearing in the flow St to 
define coordinates on a portion of M. When used like this, we call t a Killing time coordinate. 
Note that the surfaces of constant t remain orthogonal to ^ = dt, because they are the image of 
H under Sj. 

Remark 3.8 Although the definition of a (local) Killing time coordinate depends on the choice 
of the hypersurface H , any two Killing time coordinates on the same open set differ at most by 
a constant, because both are constant on the hypersurfaces orthogonal to S^. In this sense, static 
spacetimes have a preferred time coordinate, up to a constant, which we will often call the Killing 
time coordinate, with some slight abuse of language. 

In the coordinates (t, x^) the metric can be expressed as 

g = -v'^dt'^'^ + gijdx^ ® dx^, 

with 1 < i, J < c? — 1 and the smooth coefficient functions v,gij are independent oit. We introduce 
a special name for the class of static spacetimes for which this form of the metric can be obtained 
globally: 

®The square brackets in the subscript denote anti-symmetrisation as an idempotent operation. 
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Definition 3.9 A standard static spacetime M — (Ai.g,^) is a standard stationary spacetime 
with a vanishing shift vector field, i.e. A4 x S , — dt and 

g ^ -{n*Nfdt'^^+n*h, 

where the Killing time coordinate t is the projection on the first factor of'M.x S, n is the projection 
on the second factor, h is a Riemannian metric on S and N is a smooth, strictly positive function 
on S. 

The data (5*, h, N) determine a unique standard static spacetime, which is the standard stationary 
spacetime with data {S,h,v — N,w = Q). The canonical time coordinate of the latter coincides 
with the Killing time coordinate. 

Unlike the stationary case, there is only a limited freedom in the choice of data that describe a 
fixed standard static spacetime. Indeed, suppose that {S,h,v) and {S',h',v') determine the same 
standard static spacetime M and consider S and S" as hypersurfaces in M. Both sets of data 
determine global Killing time coordinates, which vanish on S and S" respectively. As Killing time 
coordinates are unique up to a constant, there is a T S R such that S" — 2^(5'). Thus there is a 
diffeomorphism Et S' such that E^h' — h and E^v' — v. 

For our applications to Wick rotations we are particularly interested in spacetimes which are 
both standard static and globally hyperbolic. To determine whether a standard static spacetime 
is globally hyperbolic we quote from Theorem 3.1 in [28]: 

Tiieorem 3.10 For a standard static spacetime M with data {S, h, v) the following are equivalent: 

1. M is globally hyperbolic. 

2. S is complete in the conformal metric hij = v^'^hij. 

3. Each constant Killing time hypersurface is Cauchy. 

This is in fact a special case of Theorem 13.61 when w = 0. In the ultra-static case, v = I, 
it essentially reduces to Proposition 5.2 in [6]. Note, however, that {S,h) itself need not be a 
complete Riemannian manifold in general. 

The metric h is also called the optical metric (cf. [33] )0 because geodesies of h are the 
projections onto S of light-like geodesies in M. To see this we first note that the light-like geodesies 
of M = {Ai,g) coincide with those of M := {Ai,v~'^g) after a reparametrisation (cf. [29J Appendix 
D). Because M is ultra-static, the geodesic equation for a curve 7(5) = (t(s),x(s)) decouples into 
the geodesic equation for x in (5, h) and d'^t — 0. 

When the spacetime M is both globally hyperbolic and static, it is automatically a standard 
stationary spacetime by Proposition l3.5l However, it may yet fail to be a standard static spacetime. 
A simple counter-example, taken from 04] (see also [28]), is the cylinder spacetime M = (Mx S^,g) 
with the metric g := —dt'^'^ + dd'^'^ + 2dt(E)sd9. This is a globally hyperbolic spacetime with Cauchy 
surfaces diffeomorphic to the circle S^. The vector field ^ = 9t is a time-like Killing field, which is 
irrotational on dimensional grounds. However, hypersurfaces orthogonal to ^ must be diffeomorphic 
to R, as they wind around the cylinder. 

A complete characterisation of which static, globally hyperbolic spacetimes are standard static 
is given by 

Proposition 3.11 Let (M, ^) be a static, globally hyperbolic spacetime. Then M is isometrically 
diffeomorphic to a standard static spacetime if and only if it admits a Cauchy surface that is 
Killing field orthogonal. 

Proof: If M is isometrically diffeomorphic to a standard static spacetime, the existence of a Killing 
field orthogonal Cauchy surface follows from Theorem 13. 101 Conversely, if such a Cauchy surface 

^^"[33] also uses the term optical metric in the stationary case for the metric N~^h, although the motivation is 
less convincing in that case. It seems more appropriate to refer to the Finsler metrics _F, F of Section [XT] as optical 
metrics. 
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exists we may choose this surface in the proof of Proposition 1331 which simultaneously shows that 
M is isometrically diffeomorphic to a standard stationary spacetime M' and that the metric g' 
has no cross terms involving w. Hence, M' is standard static. □ 

3.3 Spacetime complexification 

To conclude our geometric considerations we now define complexifications and Riemannian mani- 
folds associated to any given standard static spacetime. With a view to our applications to thermal 
states it is necessary to consider the case where the domain of the imaginary time variable is com- 
pactifled. For this purpose we let i? > and we define the cylinder 

This equivalence relation compactifies the imaginary axis of C to a circle S]^ of circumference 2'kR. 
Coo '■— C can be taken as a degenerate case with R — oo and S}^ := M. 

Now let M be a standard static spacetime with data {S, h, N). For any i? > we define the 
complexification Mf^ as the real manifold ~ Cr x S endowed with the symmetric, complex- 
valued, tensor field 

g%{z, x) = ~N^{x){dt + idrf^ + h{x), 

where z — t + ir is the coordinate on Cr. M can be embedded into as the r = surface 
and Qr is the analytic continuation of 3 in z. Furthermore, we define the Riemannian manifold 
Mr {{z,x) G Af|j| t = 0} endowed with the pull-back metric of Qr 

gR{T,x)=N^(x)dT'»^+h{x). 

Note that Mr ~ §]j x S* as a manifold and since S = M O Mr in M^, we can identify S also as 
the {r — 0} surface in Mr. Mr has a Killing field ^r — dr, which can be viewed as the analytic 
continuation of ^ = dt- 

The constructions above do not depend on any freedom in the choice of S, because this freedom 
boils down to a Killing time translation (see Remark 1 3. 8 1) which has a unique analytic continuation 
to M^. It is also unnecessary for S* to be a Cauchy surface at this stage. Note that in the standard 
stationary case there is more freedom to choose canonical time coordinates, so it would be unclear 
whether an analogous construction can be made independent of the choice of such a coordinate. 
Besides, any cross terms w(Ei dt in the metric would spoil the real-valuedness of the restriction gR 
of the analytically continued metric, so it would not be Riemannian. 

Whereas the Killing time coordinate on AI is used to define the complexifications Mf^ and the 
Riemannian manifolds Mr, it may be a bad choice of coordinate to analyse the behaviour near the 
edge of S. This will be the case e.g. if M is the right wedge of a static black hole spacetime 
with a bifurcate Killing horizon and we wish to study the behaviour near the bifurcation surface 
Anticipating these problems we now consider Gaussian normal coordinates near S, instead of the 
Killing time coordinate, and we study the properties of the complexification procedure above with 
respect to these new coordinates. 

Proposition 3.12 Let M be a standard static spacetime, let R > and let x^ denote local coor- 
dinates on a portion U of S. Let x = (xP,x'^) he the corresponding Gaussian normal coordinates 
on a portion of M , containing U, and let x' — {{x')^,x^) he Gaussian normal coordinates on a 
portion of Mr, containing U. We may express the metrics g and gR in these coordinates as 

g = -{dx°)®^ + h,jdx'dx\ gR = {d{x'ff^ + h[^dx'dx^, 

and we then have for all n>Q: 

9o'"%k - {-ind'^^-h[^\u, (5) 
di-+'h,,\u - = {d',r'+'K^\u. 

'^^This setting will be studied in detail in a forthcoming publication [S]. 
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In the ultra-static case we have = t, which means that the metric g is real-analytic in and its 
analytic continuation satisfies gab{'ix^,x'^) = (ff_R,)a6(a;°, x*), This immediately implies Eq. ([S|), by 
the Cauchy-Riemann equations and the reality of g and gn. In the general case, the Proposition 
can be interpreted as saying that g is "infinitesimally holomorphic" in z :— x*^ + i{x')'^. 
Proof: The form of the metrics follows from the construction of Gaussian normal coordinates, as 
is well-known (cf. [29]). The idea is now to use the fact that the geometries of AI and Mji are 
entirely determined by {S,h,N). The number of coefficients in (/i^j , equals which is 

exactly the number of components of Killing's equation. We may write out Killing's equation in 
the chosen local coordinates, for which the Christoffel symbol vanishes when two or more indices 
are 0. The (OO)-component of Killing's equation is then 9n£° = 0, which means that ^^{x) = N{x^). 
Substituting this back in the remaining equations yieldfUj 

All normal derivatives of ^' and hij are uniquely determined by the initial data, as can be shown 
by induction, taking successive normal derivatives of the equation above. In the Riemannian case 
we find similarly ^^.(a;') = N{x'^) and 

Note the change in sign in the first equation when compared to the first equation in the Lorentzian 
case. 

One now proves by induction on n > thalF^ 

For n = these equalities are true, because they just express the equality of the initial data. (Note 
in particular that ^*|(7 = = £,r\u-) Now suppose they hold true for all < Z < n. We use Killing's 
equation to compute 

= -f'+'N-\d'or{2h',^,d'^^eR+eRd'M\u = f^+^d'^r+^K^iu, 

where the induction hypothesis was used in the second equality. Similarly, by the binomial formula, 

where we used that fact that OqN = d'^N — 0. As h^j is invertible, the result for n -I- 1 follows, 
completing the proof by induction. The statement of the proposition is then immediately clear, 
once it is realised that both hij and h[j are real-valued. □ 

As a consequence of Proposition 13 . 1 21 we note the following 
Corollary 3.13 For a smooth curve 7:[0,1]— )-S' the following statements are equivalent: 

1. ^ is a geodesic in {S,h), 

2. ^ is a geodesic in M , 

^^In these coordinates it is less clear that the Cauchy problem is well-posed, unless the initial data are analytic, in 
which case the Cauchy-Kowalewsky Theorem applies (cf. 1291 V However, we know that the data (S, h, N) determine 
a unique, smooth solution, which is easily written down in adapted coordinates. 

^^The vanishing of the odd normal derivatives on S can also be seen by a symmetry argument involving a 
reflection in the Killing time around the Cauchy surface. 
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3. J is a geodesic in Mr. 

Proof: We express the geodesic equation in M in terms of local coordinates a;* on S and a Gaussian 
normal coordinate near S <Z M . Using the notation 7° o 7, with 7^^ = 0, the components 

form exactly the geodesic equation in {S, h). The remaining equation is 

which is true by Proposition 13. 12] This proves the equivalence of the first and second statements. 
The equivalence of the first and third statement is shown in a similar manner. □ 

4 The linear scalar quantum field 

It is well-understood how to quantise a linear real scalar field on any globally hyperbolic spacetime 
[TJ [351 HI [3] • In this section we will present this quantisation, with a special focus on the case where 
the spacetime is stationary. This extra structure allows one to obtain additional results concerning 
e.g. ground states for the Killing fiow. 

As a matter of convention we will identify distributions on M, Mr and E with distribution 
densities, using the natural volume forms determined by the metrics: dvolg, dvolg^ and dvoU, 
respectively. To unburden our notation we will often leave the volume form implicit, which should 
not lead to any confusion. However, we point out that the volume form is important when re- 
stricting to submanifolds, because in that case a change in volume form is involved. While the 
restriction of a distribution is defined by continuous extension of the restriction map on test- 
functions, the restriction of a distribution density, say from M to S, incurs an additional factor 
I dot 5ab|"^(det hjk)^. 

We will also make use of the natural Hilbert spaces of square- integrable functions on the various 
spacetimes and Riemannian manifolds, where integration is performed with respect to the volume 
forms determined by the metrics. This understood we may leave the volume forms implicit in our 
notation, writing e.g. L^(M), instead of L^(A/, dvolg) and L^(S, dvoU). 

4.1 The classical scalar field in stationary spacetimes 

The classical theory of a linear scalar field on a spacetime M is described by the (modified) 
Klein-Gordon equation for </> G C°°(M), 

X0 := (-□ -t- y)0 = 0, (6) 

where □ := V°Va denotes the Laplace-Beltrami operator and the potential is a smooth, real- 
valued function. V is often chosen to be of the form 

V ^cR + rn^, m > 0, c G M 

with mass m and scalar curvature coupling c. In any globally hyperbolic spacetime, the Klein- 
Gordon equation has a well-posed initial value formulation (see e.g. |35j Ch.3 Thm. 3.). To formu- 
late it we introduce the space of initial data 

ViY.) :=Co°°(S)eCo"(S), 

as a topological direct sum, where each summand is taken in the test-function topology. 



18 



Theorem 4.1 Let E C Af 6e a Cauchy surface in a globally hyperbolic spacctime M with future 
pointing normal vector field nf^ . For each (0o,0i) G there is a unique (j) G C°°(Af) such that 

K(t>^0, </>|s =00, n'^V,</)|s = 01. (7) 

Moreover, supp((/)) C J(supp((/io) U supp((/)i)) and the linear map S':I?(S)— >C°°(Af) which sends 
((/)o,0i) to the corresponding solution (j) of Eq. ^ is continuously 

It follows from Theorem 14.11 that the Klein- Gordon operator K has unique advanced (— ) and 
retarded (+) fundamental solutions and we define E := E~^ — E^ . 

The solution map S and the operator E will be used frequently to translate between the 
spacetime and the initial data formulations of the theory and we note that 

E{f,f) / fEf':^[ dYo\g{x)dvo\g{x')f{x)E{x,x')f'{x') 

= / n'^WaEf ■ Ef - Ef ■ n'^WaEf, (8) 

where E C A/ is any Cauchy surface and /, /' G C§°(Af). The kernel of E, acting on C^{AI), is 
exactly KC^{M) yy and for later use we introduce the real-linear space 

L ;= C^{M,R)/KC^{M,m.). 

In a stationary, globally hyperbolic spacetime (Af, the Killing vector field determines a 
natural time evolution. We fix a Cauchy surface E C M and use it to write Ai^ as a standard 
stationary spacetime (cf. Sec. 13. ip . We will work throughout in adapted coordinates and we 

will assume that the potential V is stationary, 

e^aV = doV = 0. 

As the potential V is real- valued we may view if as a symmetric operator on the dense domain 
Cq°{M) in L^{M). We will now separate off the canonical time dependence of this operator and 
write the spatial dependence in terms of hij, N, iV* and V. The cleanest way to do so is by 
ensuring that that we obtain symmetric operators in i^(E) for the spatial parts. For this reason 
it is convenient to consider the unitary isomorphism 

U:L^{M)^L^{R)® L^{J:) : / ^^ y/Nf 

onto the Hilbert tensor product, where M is viewed as a Riemannian manifold with the standard 
metric dt. To see that U is indeed an isomorphism we use Schwartz Kernels Theorem, the diffeo- 
morphism Ai" ~ Rx E and the fact that dvolg = Ndt dvoUEE The symmetric operator UNKNU^^ 
can now be written aj^ 

N^KN^ = Ni{-U + V)N^ (9) 

^*Here we endow C°°(S) with the usual Frechet topology. 

'^^This follows from det g = —N^ det h, which may be seen by choosing local coordinates on E that diagonalise 
hij at a point. 

^^Instead of the Riemannian manifold (E, h) one may also consider (S, h). In this case the unitary map takes the 

d 

form U : f ^ V2 f and 

Although the metric h has the advantage of being complete, it may be a less natural choice than h, especially when 
the spacetime M is isometrically embedded into a larger spacetime. 
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The computation that leads to this expression has been omitted, because it is straightforward. 

Because ^ is a Kilhng field, the flow St preserves the Klein-Gordon equation: K'Efl^) = EKKcp) 
for all t g R. Moreover, if K(t) = and has compactly supported initial data on some Cauchy 
surface, then the same is true for This means that the time flow determines a time evolution 
on the initial data in I'(S). Indeed, let S be the solution operator of Theorem 14. II and let be 
its inverse, i.e. S~^{(j)) = "-"Va^ls)- We may define the time evolution maps Tt on by 
Tt :— S^^'E.fS. The maps Tt form a continuous (even smooth) one-parameter group for t e K, by 
Theorem 14. II The infinitesimal generator Hd of the group Tt is the classical Hamiltonian: 

Lemma 4.2 The (classical) Hamiltonian operator Hd is given (in matrix notation on by 



t^o^ \ vf^Nh^^vf^ ~ VN vf^N' 




Tabi(t>) V(,0Vfc)(/) - -gab + V\(l>\^'' 



f I \ . . 

Proof: The computation is simplified somewhat by defining X :— I . (/j) I , with inverse 

N-^ _^^(,) J y Note that X ) = ^'^^^^^ where := 5(0o,<^i). Now 

the first row of XHciX~^ is simply (0 — il) and the second row can be be found by writing 
9q = N2dQN~2 and by eliminating the second order time derivative using Eq. ^ and Kcj) = 0. 
Hd is then obtained from a straightforward matrix multiplication. The details are omitted. □ 
For any solution </> g C°°{M) of the Klein-Gordon equation one defines the stress-energy- 
momentum tensor 

1 

T 

which is symmetric and 

V''Tab{^)^~iVbVM^l 

because K<j) = 0. By Killing's equation V"(^'' is anti-symmetric, so the energy-momentum one-form 
satisfies 

where we used the assumption that V is stationary. Note that energy-momentum is conserved, 
even though the stress-tensor may not be divergence free. On a Cauchy surface S with future 
pointing normal n", the energy density is defined by 

£s(<^) := n-Pa{cb)\j: = n'^^Tabm,:. 
li (p — S{(j)o, 01 ) for some (0O: 0i) G then we can also define the total energy on T, by 

f (0) / £s(<^). 

The conservation of Pa{<p) implies that £{(j)) is independent of the choice of Cauchy surface, by 
Stokes' Theorem. In particular, f (S^ = £{(f>) for all t, because the left-hand side is the integral 
of es'(0) over the Cauchy surface S' :— 

Lemma 4.3 Viewing T>{'E) as a dense domain in we have 

£{S{^o,^i)) = ((0o,0i),A(0o,0i)), 
where the operator A is given by 

'-~2\ AT'vf ^ N ) ■ 

-1 \ . . ^ ^ f VN 



In particular, A = ^aHd with a := [ ^ ^ I and ^ > 2 ( q ^-1^2 
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Proof: The form of £ can be computed by expressing the energy density on E in terms of the 
initial data. The computation is straightforward, so the details are omitted. The final equality is 
then obvious from Lemma 14.21 whereas the final inequality follows from 

+VN\cbo\^ + {N- N-^N'N,)\cbi\'', 

where the first term in the integrand is non-negative and may be therefore dropped. □ 
When V > everywhere, we may define an energetic inner product on L (8) C by setting 

(/, f)e {S-'Ef,AS-'Ef'), 

where the inner product on the right-hand side is in Note that (, )e is indeed positive and 

non-degenerate, by the properties of A established in Lemma 14.31 and the positivity of VN and 
N~^v'^. Since V is stationary, the energetic inner product is independent of the choice of Cauchy 
surface, like the energy, because 

ll/lle-^(£^/)- 



Definition 4.4 When V is stationary and V > 0, the energetic Hilbert space Jie is the Hilhert 
space completion of L C in the energetic norm. 

He can be interpreted as the space of all (complex) finite energy solutions of the Klein-Gordon 
equation ([6]). 

The following detailed description of the energetic Hilbert space is the main result of this 
subsection. The proof makes use of strictly positive operators and we have collected some basic 
results on such operators in Appendix \K\ (see also [36]). 

Theorem 4.5 Let M be a stationary, globally hyperbolic spacetime with a Cauchy surface E and 
assume that V is stationary and > 0. Let A denote the Friedrichs extension of the operator A 
of Lemma \4-^ 



The linear map qd '■ 2^(E) L (E)® defined by qci{4io,4'i) :— V A ^ ^ j is continu- 
ous, infective, has dense range, commutes with complex conjugation and satisfies ||(7cK<^0' <^i)ll — 
||5(./)o,0i)||e. Hence, He ^ i'(E)®2. 

There is a unique, strongly continuous unitary group Ot — e**^" on i^(E)®^ such that Otqd — 

qciTt- Its infinitesimal generator is given by Hg := H\f\o\f\. iH,, commutes with complex con- 
jugation. He and all its powers H^, n €N, are essentially self-adjoint on the range of q^i, H^ is 
invertible and the range of q^ is a core for |i7e|~^- 

The explicit characterisation of He in terms of i^(E)®^ is often very useful, although it is less 
aesthetically appealing, because it requires the choice of an arbitrary Cauchy surface E. 

Proof: We first consider the Friedrichs extension A of A, which is a positive, self-adjoint oper- 
ator. By Lemma lA.91 I?(E) is a core for A^ . Furthermore, A > B, where the operator B :— 

i ^ j\f^iy2 ^ is defined on I?(E) (cf. Lemma [4.3p . Note that B is essentially self-adjoint 

with a strictly positive closure, by Proposition I A. 1 II Hence, A is also strictly positive, by Lemma 
IA.8| and T>{I]) is in the domain of A~2. Moreover, as I?(E) is a core for A^ , the latter has a 
dense range on 2?(E). Therefore, qd is a well-defined, injective linear map with dense range TZ and 
by Lemma 231 Ho'cK'^o, 0i)|P = ^ {S {4>o , (t^i)) ■ As S is continuous, the last equation also entails 
the continuity of qd- (Alternatively one may use Theorem lA.il of Appendix El) Also note that A 
commutes with complex conjugation in L^(E)®^, hence the same is true for A'^ and for qd- 

Because qd is invertible we may define Ot by Ot = qdPtQd^ on TZ. Note that the total energy 
||C'f(7ci(</>o, — f (S( S'((/)o, 0i)) is independent of the choice of Cauchy surface, so each Ot is a 
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densely defined isometry, which extends uniquely to a unitary isomorphism on the entire Hilbert 
space, again denoted by Ot- O^^ = O-t and the continuity of / i— Ttf in the test-function 
topology entails the strong continuity of Ot- 

Because the time-derivative of Tt{(j>o, (j>i) converges in the test-function topology of and 
Qci is continuous, the infinitesimal generator of Ot is well-defined on the range TZ of qd, where it 
is given by 

because of the Lemmas l4. 2114.31 Both He and Ot preserve TZ, so H^ and all its powers are essentially 
self-adjoint on TZ by Chernoff's Lemma (Lemma 2.1 in |57]). 

A commutes with complex conjugation, so it is clear that iHg also commutes with it. Further- 
more, the map M := ^A^^aA'^^ is well-defined on TZ and it satisfies MHe = I there. Note that 
M is closable, because it is symmetric and densely defined. By Lemma lA.2[ He must be invertible. 
Lemma [A. 41 implies that is self-adjoint and invertible and a core is given by HeTZ C TZ. As 
M is a symmetric extension of H^^ on this domain, wc must have M — and the domain TZ 
of M is a core for and hence also for by the Spectral Calculus Theorem. □ 

4.2 The quantum scalar field in stationary spacetimes and equilibrium 
one-particle structures 

We now study the quantised scalar field in a stationary spacetime, where the ground states play a 
similarly important role for the theory as the vacuum state in Minkowski spacetime. Because of the 
importance of quasi-free equilibrium states (cf. Sec. [2|) we first focus on equilibrium one-particle 
structures, whereas the ground and equilibrium states (beyond their two-point distributions) will 
be discussed in Section [5] below. 

The well-posedness of the Cauchy problem established in Theorem 14.11 remains true if we 
specify arbitrary distributional initial data, allowing distributional solutions and using distribu- 
tional topologies. In this setting it is natural to introduce local observables, associated to arbitrary 
/ S C^(M), which measure the distributional field (j) by the formula </!)(/) := / (j>f- These observ- 
ables 4>{f) can be regarded as functions on the classical space of solutions (f) and we may use them to 
generate an algebra of observables. We choose to work with the Weyl C*-algebra W"^' W{L, 0), 
whose elements we interpret as e^'^^-^\ which remains bounded when (jj is real- valued. 

Interpreting the right-hand side of Eq. ([8]) in terms of initial values and momenta motivates 
the introduction of the symplectic space {L,E), so that the corresponding quantum theory is 
described by W := W{L,E). For each open subset O C M we will denote by W{0) the C*- 
subalgebra generated by those W{f) with / supported in O (and similarly for yV'^'(O)). In this 
way one obtains a net of local algebras (cf. [551 IS])- 

When {M, ^) is a stationary, globally hyperbolic spacetime and V is stationary, {L, 0, T_t) and 
(L, E, T_t) become one-particle dynamical systems. This follows from the fact that 'E.*_^ preserves 
the metric and that the E'^ are unique, so the symplectic form E{f, /') := J^^^ JEf is preserved. 
We may consider the associated quasi-free dynamical systems (W"^', af) and (W, so that 

aliWU)) = Wi^Uf). o.t{W{f)) = W{^*_J) 

for all f £ L. and at describe the Killing time fiow at an algebraic level and we note that 
at(yV{0)) ~ yV(St(0)) and similarly in the classical case. However, neither nor at is norm- 
continuous in t, as \\w{f) — 'w{g)\\ = 2 for all f ^ g £ L ([16] Prop. 3-10). For this reason the 
general results on C*-dynamical systems (cf. [TB], [IT]) do not apply directly to our situation. (Nor 
can we view (W, at) as a iy*-dynamical system, because W is not a T4^*-algebra or von Neumann 
algebra.) 

In order to take advantage of the smoothness of the time evolution maps Tt on 2?(S) we need 
the following definition. 

^''The sign in T_t is explained by the desire to have a'^4> = for the field observable </>(/), so that a'j.(4>{f)) = 
(Sj (/))(/) = ipC^—tf) ill the distributional perspective. The same argument applies to the quantum case. 
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Definition 4.6 We call a state u on the Weyl C* -algebra W (or ) D^,k>0, when it is 
and the maps 

Lo^[h, ...,/„):= {-iTd,, ■ ■ ■ d,MW{sifi) ■ ■ ■ M^(s„/„))U=...=s„=o 

are distributions on M^"' for all I < n < k. The LUn are called the n-point distributions. A state 
is called regular, or D°° , when it is for all k > 0. 

A similar definition can be made without requiring the a;„ to be distributions (cf. Tlieorem l2.16p . 
but in our setting the distributional character of the a;„ is both natural and useful. 

Remark 4.7 An alternative description of the quantum scalar field uses the * -algebra A, generated 
by the identity I and the smeared field operators $(/), / € C^{M), satisfying 

1. f ^ <&(/) is C-linear, 

2. $(/)* = $(/), 

3. K^{f) ■.= <S>{Kf)=0, 

4. [$(/),$(/')] 

Although the algebras A and W are technically different, their relation can still be understood 
from a physical point of view by formally setting W{f) = e'*^-'^'. In suitable representations this 
can be made rigorous. This applies in particular to regular states u on W , which give rise to a 
corresponding state uj on A. Indeed, in the GNS-representation of uj the unitary groups W{sf) = 
are strongly continuous for any f £ L and fl^ is in the domain of any product of the self- 
adjoint generators $(/), so it defines a state Q on A in a natural way. The GNS-representation 
space of Lu and the GNS-vector may be taken to be the same ones as for uj. 

4.2.1 Two-point distributions 

When w is a state on W, we may identify the one-particle structure {p, JC) of uj2 as a map into 
a subspace of the GNS-representation space Hu: , as in the proof of Proposition 12.181 A similar 
construction applies to the so-called truncated two-point distribution, uj2{x,x') :— lu2{x,x') — 
uji{x)uji{x'), where we now take p{f) TTui^uiif) — uJi{f))^uj. Note that is indeed a two- 
point distribution, (cf. Theorem I2.13P and that uj2 = ^2 when uji = 0, so in that case the two 
constructions coincide. 

When UJ2 is a distribution, the associated one-particle structure p can be viewed as a /C- 
valued distribution which satisfies the Klein-Gordon equation (cf. [39]). (Conversely, when p is a 
distribution, the associated L02 is also a distribution.) For any Cauchy surface E, p is uniquely 
determined by its initial data, which form a continuous linear map ;2?(I])— >/C with dense range 
and such that 

(9s(0o,0i),gs(0o,(/>i)) - (gE(0o,0i),gs(0O,'/>l)) = « / (l)i(l}'o-Mi 

(cf. Eq. (UJ). Conversely, any such linear map determines a unique one-particle structure. Indeed, 
just like smooth solutions to the Klein-Gordon equation, two-point distributions are uniquely 
determined by their initial data on a Cauchy surface: 

Proposition 4.8 Let S C M be a Gauchy surface in a globally hyperbolic spacetime with future 
pointing normal ri° and let ui be a distribution density in M^^. If KxUi{x,y) — KyUj{x,y) = 0, 
then the distributional restrictions 

UJ,, (n«Vj;(n''V,)>|sx2 

are well-defined distribution densities in for all i,j G N. 

Gonversely, for any four distribution densities ujij, < i,j < 1, on T,^^, there is a unique 
distribution density lj on M^'^ such that 

K^u = Kyu = 0, (n'^Va);(n^Vfc)>|sx2 = cjy. (10) 
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Support and continuity properties analogous to Theorem 14 . 1 1 also hold, but we will not need them. 
We omit the proof of this basic result. 

There is a preferred class of regular states, called Hadamard states, which are characterised 
by the fact that their two-point distribution has a singularity structure that is of the same form 
as for the Minkowski vacuum state. These states are important, because the renormalised Wick 
powers and stress tensor of the quantum field have finite expectation values in them. To put it 
more precisely, uj2 is of Hadamard form if and only if [40 

WF{uj2) = {(x, fc; y, I) £ T* M'^'^\ I ^ Q is future pointing and light - like and (y, /) (11) 
generates a geodesic 7 which goes through x with tangent vector — k} . 

This condition is already implied by one of the following apparently weaker, and often more 
convenient, estimates on u)2 or its associated one-particle structure (p, /C): 

WF{i02) C y-M X V+M, WF{p) C V+M, 

where V^M C T*AI is the space of future (+) or past (— ) pointing causal co-vectors on M 
(cf. [HP', Prop. 6.1). Even if the state is not quasi-free, this condition allows one to estimate the 
singularity structure of all higher n-point distributions too [41], so that the state satisfies the 
microlocal spectrum condition of [42]. 

By the Propagation of Singularities Theorem and the fact that uj2 solves the Klein-Gordon 
equation in both variables it suffices to check the condition in Eq. ([TT]) on a Cauchy surface E: 

WFiij2)k C {ix,-k-x,k)\ ix,k) e F+Af|s}. 

Unfortunately it is somewhat complicated to see whether a state llJ2 is Hadamard by inspecting 
its initial data on a Cauchy surface E. The initial data of uj2 should be smooth away from the 
diagonal in S^^, so it suffices to characterise the singularities on the diagonal. However, for the 
singularities on the diagonal we are not aware of any argument that avoids the use of the Hadamard 
parametrix construction, which involves the Hadamard series for which Hadamard states were 
originally named. 

4.2.2 Equilibrium two-point distributions 

An equilibrium one-particle structure (p, K.) has some nice additional structure when p is a distri- 
bution: 

Lemma 4.9 // (p, K.) is an equilibrium one-particle structure such that p is a distribution, then 
the unitary group Ot on JC defined by Otp = p'^-t (on C^{M)) is strongly continuous, Ot — e**^. 
The infinitesimal generator H is essentially self-adjoint on the range of p and Hp{f) — ip{dof) 
for allfeC^iM). 

Proof: The strong continuity of Ot follows from the continuity of ^ 1— >■ Sl^/ in the test- function 
topology and the fact that p is a distribution. The formula for H on the range of p can be deduced 
from the continuity of p by a direct calculation: 

Hp{f) := -tdtdtp{f)\t^o = ~idtp{E%if))U^o = *p(5o/). 

The essential self-adjointness of H on the range oi p then follows from Chernoff's Lemma [ST. □ 

The next two results are the main results of this section. They are a uniqueness and an existence 
result for non-degenerate ground and /3-KMS one-particle structures [43] [5] 

^**Our uniqueness result is a slight strengthening of the results of 1431 l5l. in our setting, because our definition of 
(S-KMS one-particle structures is slightly less stringent and we provide a bit more detail on degenerate one-particle 
structures. Note that |43) formulates and proves uniqueness in the class of non-degenerate ground one-particle 
structures, for which p already has a dense range on the real linear space L (which entails that the associated 
quasi-free ground state is pure by Theorem 12.161 1. That this extra condition is not needed for the proof was pointed 
out by the same author in [5], which also proves uniqueness of non-degenerate /3-KMS one-particle structures. 
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Proposition 4.10 Let (pi,A^i,Oj ) he a non- degenerate equilibrium one-particle structure and 
let {p2,lC2,Ol ) he an equilibrium one-particle structure with Pq the orthogonal projection onto 
the space of 0\ -invariant vectors. Assume that both are ground one-particle structures, or both 
are /3-KMS one-particle structures at the same inverse temperature /3 > 0. Then there is a unique 
isometry t/:/Ci — >/C2 such that O'^^'^U = UO''^'^ and Upi = (/ — Po)p2- In particular, if Pq = 0, 
then U is an isomorphism. 

Let w :— uj^2^ — IjJ^2^ denote the difference of the associated two-point distributions UJ2^ . Then 
w is a real-valued, symmetric (weak) bi-solution to the Klein-Gordon equation which is of positive 
type and independent of the Killing time (in both entries). If w is a distribution on M^"^, then 
w e C°°{M''^). 

Proof: The proof follows [13] (see also [H]). For arbitrary /, /' e C^{M, M) the function 

F{t) := (p2(/),0fV2(/'))^.-(Pi(/),0^V(/')>K. 
= {p2if),e''"^P2if'))K. - {pi{f),e^'"'p,U'))K, 

is continuous and real-valued on R. Suppose both one-particle structures satisfy the one-particle 
/3-KMS condition at the same /3 > 0. There is then a bounded continuous extension F of F to S/3, 
holomorphic in the interior. By repeatedly applying Schwarz' reflection principle [20 , F extends 
to a bounded holomorphic function on all of C, which means that F is constant, by Liouville's 
Theorem. Similarly, if both are ground one-particle structures, the positivity of the infinitesimal 
generators Hi implies that there is a bounded, holomorphic function F^ in the upper half plane, 
which has F as its boundary value. By Schwarz' reflection principle, Fj^ can be extended to a 
bounded holomorphic function on the entire plane, which again means that F^ is constant. In 
either case, dlF\t=o = 0, i.e. 

(pi(/),i/lV(/')>^. = {P2{f),Hlp2if'))K,- 

This equality must now hold for all /, /' e C(^{M), by complex (anti-)linearity. 

Note that the range of pi is in the domain of Hi by Lemma 14.91 We may therefore define 
linear maps Xi :— HiPi and we let Vi := kci{Xi) denote their kernels. By the previous paragraph, 
Vi = V2 =: V, so the X, descend to linear injections Xi : C^{M)/V ^K^. We set U := X2X^^ 
between the ranges of the Xi. It is obvious from the previous paragraph that U is an isometry, 
because UHipi — H2P2 • The non-degeneracy of the first ground one-particle structure implies that 
Hi is injective, while the range of pi is a core for it. It follows that the map Xi has a dense range, 
so U extends by continuity to an isometry from /Ci into IC2. Note that U intertwines between the 
unitary groups, because d[^^ HiPi{f) = HtPi{E*_ff). Hence UHi = H2U and PqUHi = {PoH2)U = 
0, which means that PqU — 0, because Hi has a dense range. Let R be the unique linear map such 
that RPo = and RH2 = I ~ Pq. Then U = RH2U = RUHi and Upi = RUHipi = RH2P2 = 
(/ — P{))p2. The uniqueness of U is then obvious, as pi has a dense range. 

By construction, w :— lo^'^ — Wj^'* is a real-valued, symmetric bi-solution to the Klein-Gordon 
equation (in a weak sense). Moreover, as U is isometric and Upi ~ {I — Pq)p2, 

WQJ) = \\p2{f)f - ||C/pi(/)ir = \\P0P2{f)f > 0, 

so w is of positive type. For fixed /, /' G C^(M), w{f,E*_^f') = F{t) = w(Sj/,/') is constant, 
as we saw in the first paragraph of this proof. So, in adapted coordinates, dow — OqW = and 
the equation KxKx'W = reduces to an elliptic equation on S^^, which implies that w is smooth 
when it is a distribution (see e.g. [JS] Thm. 8.3.1). □ 

Remark 4.11 Proposition \4-10\ shows in particular that there is at most one non-degenerate 
ground one-particle structure and at most one non-degenerate P-KMS one-particle structure at 
any fixed f3 > 0. If this exists, the degenerate ones may be classified in terms of the function w. 
In spacetimes with a compact Cauchy surface S we note that the only distribution w with the 
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stated properties is w — 0. Indeed, for any fixed j/ € E, Vy{x) :— w{x,y) solves Cvy = for 
C := -yf\Nh^3 - iV-i7V*7VJ')vf ^ + VN. (This is because w solves the Klem-Gordon equation 
and is Killing time independent.) As — {vy,Cvy) > \\^/V NvyW^ in i^(E) this implies Vy = 
and hence w — 0. 

We now consider the existence of non-degenerate ground and /3-KMS one-particle structures. 
For the first we adapt a result of |:6i , which imposed additional restrictions on the potential V and 
on the Killing field in order to obtain such a ground one-particle structure with, in addition, a 
mass gap. For the /3-KMS case see [5], [26]. 

Theorem 4.12 Let M be a globally hyperbolic, stationary spacetime and consider a linear scalar 
field with a stationary potential V such that > 0. 

1. There exists a non- degenerate ground one-particle structure {pq,K-q), with ICq C He the closed 
range of 

poif) :^V2\He\-^P-Pciif), 

where P_ is the spectral projection onto the negative part of the spectrum of He andpei{f) '■— 
qeiS-^E{f). 

2. For every /? > there exists a non- degenerate f3-KMS one-particle structure (p(^), /C(^)), 
with /C(^) C "H®^ the closed range of 

= V2P^\He\-Hl-e-^^"'^)-hci{f) ® V2P+\He\-h-^^'''\l - e-^l^=l)-^p,,(/). 

The occurrence of P_, rather than P+, is in line with the footnote on page[22l 
Proof: We start with the "He-valued distribution Pci{f) '■= qciS~'^E{f) and the unitary group 
Ot determined by Theorem 14.51 Define po{f) \/^\He\^^ P-Pci{f) and let we denote the closed 
range of po de denoted by /Co- It is not hard to see that Otpa{f) = pQ{E1f), so Ot preserves /Co 
and we may let Ot := 0-t\K- The generator H of this strongly continuous unitary group is the 
restriction of —He, which is strictly positive there. The range of po is in the domain of H and H~2 , 
by Theorem 14.51 If we let C denote the complex conjugation on L^(E)®^, then CHeC — —He, so 
CP^C — P+, the spectral projection onto the positive part of the spectrum of He- Thus, 

(P0(7),P0(/')) = 2{pe.i{l),\He\-y-Pcl{f'))=-2{Cm-^P-Pel{f'),Cpel{l)) 

- 2{H^^P+Pel{7),Pcl{f))_= 2{pel{T), \He\-'P-Pcl{f)) + 2{pel{7) -H'^ Pel{f)) 

= W),P{f)) + ^{S-^Ef', aS-'Ef) = (po(/'),Po(/)) - tEif, /'). 

This proves that (po,/Co) is a non-degenerate ground one-particle structure. 

The formula for p(^) is well-defined, because the range of pd is in the domain of |i/e|~^ by 
Theorem l4.5l It defines a /C(^)-valued distribution with dense range, which solves the Klein-Gordon 
equation. Just like for the ground one-particle structure one may check that {p(fi){f),P{p){f')) — 
(P(/3)(/');-P(/3)(/)) = iE{f,f'), so (p(^),/C(^)) does indeed define a one-particle. 

Viewing /C(^) as a subspace of Hf^ we note that Of^ preserves the range of P{p), because 
Of'^P{p){f) — P(p){B.*tf). We can therefore define a strongly continuous unitary group Ot on JC^^^ 
as the restriction of O®^. The generator H of Ot is given by the restriction of |iJe| ® — |-f^e| and 
the range of p(^) is contained in D{e~^^). One may then compute 

{e-^"p(M7), e--^"p(p)[f')) = {peiiJ), \He\-\l e-f'\"^\r\P+ + e-P^"^^ P-)pei{f')) 

= {Pim{T),PiP){f))- 

This implies the one-particle KMS-condition, because for any /, /' G (M, R) the function 
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is bounded and continuous on and holomorphic in its interior. The correct boundary conditions 
follow from Eq. ([H]). □ 

As {po, /Co) is non-degenerate, the associated quasi-free state is non-degenerate too (Prop. [2?T8l) 
and hence it is pure (by Borchers' Theorem [23]) . We then see from Theorem 12 . 1 61 that po already 
has dense range on the real subspace. (Of course a direct proof of this fact is also possible.) 

Remark 4.13 Note that there is a connection between the classical energy and the Hamiltonian 
operator Hq in the ground one-particle structure, which is given by 

{poif),HoPoif)) + (Po(7),i?oPo(7)) = 2£iEf), 
as may be shown by the same techniques employed in the proof of Theorem \4-l^ 

4.2.3 Simplifications in tiie standard static case 

On a standard static spacetime M, the construction of the non-degenerate ground and /3-KMS 
one-particle structures in the proof of Theorem 14.121 simplifies . For later convenience we formulate 
these result as a proposition (cf. [5]): 

Proposition 4.14 Let Y, <Z M be a Cauchy surface orthogonal to the Killing field of the standard 
static, globally hyperbolic spacetime M. Under the assumptions of Theorem \4.1S\ we have: 

1. The unique non- degenerate ground one-particle structure is given, up to equivalence, by /Co = 
L^(S), and pq = qQ^^S~^E with 



9o,s(/o, A) -j= (c^iV-^/o - tC-iN--fi) 



V2 

Furthermore, the unitary group Ot of Lemma \4.9\ is given by Ot = e**^^. 

2. For any /3 > the unique non- degenerate f3-KMS one-particle structure is given, up to 
equivalence, by /C(^) — L'^(T,)®'^, and pi^p-^ = q{j3).^S~^E with 



9(/3),s(/o,/i) := ^[iI-e-f'^)--2{C-^N--^fo-iC-iN-2f,) 

© e-^^il - e-^^)-^{C-^N'ifo + iC'-^N^h)'^ . 

Furthermore, the unitary group Ot of Lemma \4-9\ is given by Ot ~ e**^^ ® e~'*^^. 
Here C is the closure of the partial differential operator 

Co ■■= -yfN\7^''^^'N\lf^yfN + VN^ 

defined on C^{Ti). Cq and all integer powers of it are essentially self-adjoint on the invariant 
domain C^(S). Furthermore, C is strictly positive with C > VN'^ and C^(S) is contained in the 
domain of 2 for both signs. 

One may also write C in terms of the conformal metric h as 

C = + VN' + ^N-^ (^iV(n^iV) + ^h'i{d,N)id,N)^ , 

on i^(S, dvol^), where we used the footnote on page [T9l and the fact that w = in the static case. 
The completeness of h (Theorem 13. 101) implies that all powers of — are essentially self-adjoint 
on the test-functions. Proposition 14.141 shows, among other things, that the additional terms do 
not spoil this result. 
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Proof: In the standard static case iV' = 0, so the operator A of Lemma [4.31 can be written as a 
diagonal matrix A = ^ ( ^ at I ^ where a := — V 'WV^'''' + VN. Let a denote the Friedrichs 



2 \^ N ^ 

extension of a, which is strictly positive by Lemmas IA.9| IA.8I We may then compute \/~A and 
hence, on the range of VA, 

-iV&VN 



He = 2iVAa 



y/NVa 



Both \/6i\fN and y/NV& are closable operators, because He is closeable. Furthermore, their 
closures are each others adjoints, because He is self-adjoint. By the Polar Decomposition Theorem 
( jl4| Thm. 6.1.11) there is then a partial isometry U such that V&y/N — UC^ and y/Ny/& — 

V&nV^ 



C^U*, where C = y/NaVN = Cq. Now H^ ^ [ va^vya u \ ^ ^^^^^ ^^^^^ 

Co 



is invariant. The essential self-adjointness of all even powers of He on this range (Theorem 14. 5p . 
restricted to the second summand of implies that all integer powers of Co are essentially 

self-adjoint on the range of //V, which is just C^(S). The estimate C > VN'^ follows from 
a partial integration, whereas strict positivity follows from Lemma [A. 81 That C^(S) is in the 
domain of C^ is clear, because it is in the domain of C, and that it is in the domain of C^2 
follows again from Lemma [A. 81 Finally, the domain and range of U are the entire because 
C2 and have dense ranges. This establishes all the claims concerning C. 

Returning to one-particle structures, we may write, after some short computations: 

where we introduced the unitary operator ^ [ / ) ' ^ comparison with the proof of 



Theorem 14.121 yields 

If U \ 



-2 ( ijj )e-^^(/-e-'^^)-^(C^A^-^/o +^C-iNi^), (12) 

where we made use of the fact that P±V = 5 ^ ± ^I)- As \\Uil; © ±iV||^ = ll^/2V'll^ 

the first factors in each summand can safely be replaced by ^/2, leading to a unitary equivalent 
formulation, q(p)^Y.- Note that the range of q(p)^Y. is dense in L^(I])®^, because if i/iffix is orthogonal 
to this range, then we may use the strict positivity of the operators {I—e^^^)^^C^^ to show that 
■0 ± e~^^x — for both signs and hence ■0 = X = 0- The proof of the fact that H — \fC — \fC 
is an easy exercise which we omit. The case of the ground one-particle structure is similar, but 
simpler. □ 
The result of Proposition l4.14l can be interpreted in terms of positive and negative frequency so- 
lutions (cf. e.g. jlQ). Indeed, any solution = E] E S with initial data (/o, /i) can be decomposed 
into positive and negative frequency parts 

{N-^){t, .) = e'^-^N-^U + e~''*^N-^f^, (13) 

where /± = i(/o =F iN^C^^ fi). In the ground state we have 
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which vanishes when /o = iN^C^^ Ji, which is the case precisely when /+ = 0, i.e. when is a 
negative frequency solution. (The occurence of negative, rather than positive, frequency solutions 
here is explained by the footnote on page [22] 

5 Ground states and their properties 

We are now ready to study the set J^°(yV) of ground states, under the assumptions of Theorem l4.121 
and to consider some of their properties. These properties often generalise the special properties of 
the Minkowski vacuum. Note that a characterisation of all classical equilibrium and ground states, 
on the commutative Weyl C*-algebra W^', can be given, in principle, using the results of Section 

El 

5.1 The set of ground states 

We first consider the properties of a particular, non-degenerate and quasi-free ground state: 

Theorem 5.1 Let M he a globally hyperbolic, stationary spacetime and consider a linear scalar 
field with a stationary potential V such that > 0. There exists a unique non-degenerate 
ground state on W with vanishing one-point distribution. 

Let ("Ho, TTo, r^o) be its GNS-triple. Then the following properties hold: 

1. a;" is a quasi-free and hence a regular (D°° ) state on W, 

2. uj^ is pure and ttq is faithful and irreducible, 

3. uP satisfies the microlocal spectrum condition, 

4- if there exists an e > such that VN > e and N^^v^ > e everywhere, then {po,ICo) has a 
mass gapl^ namely \\H^^\\ < , 

5. has the Reeh-Schlieder property, i.e. for any open set O C M the linear space 7ro(yV'(0))r2o 
is dense in Hq, 

6. Haag duality holds: ifSd M is a Cauchy surface, U (Z T, an open, relatively compact subset 
and O := D{U), then 

^o(W(0))' = 7ro(W(0^))", 
where := int(M C J{0)) denotes the causal complement for any subset O C M. 

Recall that the Reeh-Schlieder property means that the ground state has many non-local correla- 
tions (see e.g. [47| or 38 ). In fact, the Hadamard property holds for all ground states and the 
Reeh-Schlieder property is known for all quasi-free D°° equilibrium states. 

Proof: By Theorem 12.161 there is a unique state whose two-point distribution gives rise to 
the one-particle structure of Theorem 14.121 and is quasi- free and pure. By the Propositions 12 . 1 8l 
and 14. Idl this is the unique non-degenerate ground state with vanishing one-point distribution. 
As is quasi- free and pure and cjj is a distribution (density), lu^ is a D°° state on W and tt^: is 
irreducible. Furthermore, tt^: is faithful because the space {L, E) is symplectic (by construction) 
and hence the Weyl algebra is simple (cf. [13] Thm. 5.2.8). To prove the existence of the mass gap 
we note that, under the stated assumptions, A> f / by Lemma l473l Now, in the energetic Hilbert 
space we use {iu)* ~ to estimate 

Hi = AA^iaAiaA^ > 2eA^{iafA^ = 2ei > e^/. 

Hence, \He\ ><iI,H> e/ and \\H-^\\ < e-^. 

^Our condition is weaker than that of |6], which requires Af-iii2 > e, y > e and TV > e. 
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The Hadamard property is a special case of the resuhs of [48' and the microlocal spectrum then 
follows from [32] • [IH] has shown that quasi- free D°° equilibrium states enjoy the Reeh-Schlieder 
property. The fact that u! is pure entails Haag duality ([SDl, Thm. 3.6). □ 

Using w*^ in combination with Proposition 12.191 we can characterise the space (W) of all 
ground states by constructing an affine homeomorphisms onto the space of all classical ground 
states, ^^°(yV^'). This leads to the following results (which may be compared to those in Theorem 
[2Jl) : 

Theorem 5.2 Under the assumptions of Theorem \5.1[ let uj'^ be the unique non- degenerate 
ground state. Then there exists an affine homeomorphism Ao : ?#°(W^') — > ^^*'(yV) which is given 
for all f G L by 

Xo{p)iWif)) :^u;"{W{f))p{Wif)). 
Let uj G '^'^{W). Then the following hold true: 

1. Lu = Ao(jO) is , resp. , fc = 1, 2, . . ., if and only if p is , resp. . 

2. if UJ is an extremal ground state, then there is a * -isomorphism a^^ ofW such that uj = a^'^'' 
(and is a gauge transformation of the second kind). 

3. if Lo is an extremal ground .state, then it has the Reeh-Schlieder property. 

4. UJ is an extremal ground state if and only if it is pure. 

Also recall that uj is non-degenerate if and only if it is pure, by Borchers' Theorem 12.41 
Proof: From the definition of Aq we have 

(Aop)(M^(/i) • • • W^(/„)) = • • • W{fn))p{W{fi) ■ ■ ■ W{fn)). 

As Lu^ is regular {D°°) it immediately follows that Xa{p) is C*^ (resp. D^) if and only if p is C'^ 
(resp. D''). Next, a comparison with Theorem 12.61 allows us to decompose the ground states on W 
into extremal ground states. An extremal ground state is of the form uj ~ Ao(/o), where p is a pure 
ground state on W^''. Furthermore, for any pure state p on W"^' we may define the *-isomorphism 

: W — W by continuous hnear extension of a^^^fp) (VF(/)) = p{W{f))W{f). This is a gauge 
transformation of the second kind, in direct analogy to the * -isomorphism rjp defined in Remark 
12.111 We then have Ao?^; = a*Xg(p)Xo- 

Using the fact that w° = Ao(pi), where we recall that pi is the state defined by pi{W{f)) — 1 
for all / € L, we find that any extremal ground state w = Ao(jo) on W is of the form uj = ct*pUj'^. This 
proves the second statement. The *-isomorphism a^j preserves pure states and, as it preserves the 
local algebras, it also preserves the Reeh-Schlieder property. Therefore an extremal ground state 
u! is pure and has the Reeh-Schlieder property (cf. Theorem 15. ip . That a pure state is extremal is 
trivial. □ 

A few remarks concerning the interpretation of the results of this section and their implications 
are in order: 

Remark 5.3 The gauge isomorphisms of the second kind, which appeared in the proof of Theorem 
\5.S\. can be physically interpreted as a field redefinition. Ifuji is a linear map on L, then p{W{f)) :— 
g-«i^i(/)p(^]/(/^y^^ d^fues a pure state on W"^' and if we write (formally) W{f) — e"^^^^^ we have 

In particular, if uj is any pure ground state with one-point distribution uji and p is defined as 
above, then we must have a* w — uj by Theorem[5j\ Hence, u}{W{f)) = e''^^'^f^uj°{W{f)). Because 
pure .states p of this form are dense (J 16^ Lemma Jf.-2) we may argue on physical grounds that we 
might as well restrict attention to the pure ground state with vanishing one-point distribution, . 
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Remark 5.4 Because is a uniquely distinguished ground state and ttq is faithful we may per- 
form the following standard modification of the original theory. For each bounded region O d M 
we define the von Neumann algebra TZ{0) := 7ro(yV(0))". This gives rise to a local net of von 
Neumann algebras in the spacetime M and we let the C* -algebra TZ be their inductive limit. Each 
Ti-iO) contains the corresponding yV(0), so thatTZ D W. We may then consider the class of states 
on TZ which are locally normal, i.e. they restrict to normal states on each von Neumann algebra 
TZ{0). Such .states clearly restrict to a state on W and, conversely, a state coon W has at most one 
extension to TZ. This extension exists if and only if ui is locally normal w.r.t. ui'^ (by definition). 
This includes at least all quasi-free Hadamard states \51^ . 

There are good physical reasons to consider only states on W that are locally normal with 
respect to uP . For any self-adjoint operator A G W(0) for any bounded region O, the algebra 
TZ{0) contains all the .spectral projectors of A, so the operational question whether the measured 
value of A attains a value in some Borel set / C M corresponds to the same projection operator 
for all locally normal states. Another reason to restrict only to locally normal states is more of 
a technical nature. The action of the one-parameter group at on W is not norm continuous, but 
the larger algebra TZ contains a C* -algebra TZq which is dense in TZ in the strong operator topology 
and on which at is norm continuous (cf. \52^ Sec. or also 1171 Thm. 1.18 for a closely related 
result). This means that a large number of results on C* -dynamical systems can be brought to bear 
on {TZ{),at), and hence indirectly also on W, if one considers states that are locally normal with 
respect to uf' (see USf . \1 7| / for general references). 

5.2 The ground state representation and the quantum stress-energy- 
momentum tensor 

As is quasi-free, "Ho is a Fock space (cf. Sec. 3.2 of [7]) and we may introduce a particle interpre- 
tation for the field, based on creation and annihilation operators. Note that such an interpretation 
fails in general spacetimes, because there are many unitarily inequivalent Fock space representa- 
tions and there is no generally covariant prescription to single out a preferred one (|53[ [2]). 

Following standard notations (see e.g. [13J) we will write Tio = ^o"^ where the n-particle 

Hilbert space is H^"^ := P+(/Co)®", in which (po,^o) is the one-particle structure associated 
to and P+ denotes the projection onto the symmetric tensor product. We write N for the 
number operator, so that N\^{-n) — nl. We will use the notation a*{'4>) and aiiji) for creation and 

annihilation operators, respectively, where ■0 S /Cq. As a*{ip)* — altjj) we see that a is complex 
anti-linear in -0, whereas a* is linear. The field $ is given by 

<i>(/) = i=(a*(po(/))+a(po(7))) 

and is linear, as desired. We may introduce the initial value and normal derivative of the quantum 
field as 

$o(/i) := -^(a*(go(0,/i)) -Ha(go(0,iT))), <i>i(/o) := ^(a*(go(/o, 0)) a(go(^, 0))) 

so that $(/) = ^o{fi) — <i>i(/o), where (/o, /i) = S^^Ef . This is in line with what one would get 
if $ were a classical solution to the Klein-Gordon equation. It will also be convenient to introduce 
the operators 

n(/) :=-^(a*(po(/))-a(po(7))). 



Note that the constructions of |52) also apply in stationary, globally hyperbolic spacetimes and if the Cauchy 
surfaces are not compact. Indeed, the C*-algebra may be generated by operators of the form 



1/ 



: j dt f{t)at{A), 



where A G VV(0) for some bounded region O and / G Cq°(R). Then Af G 7^(0'), where O' is another bounded 
region that depends on O and on the support of /. Such operators form a '-algebra which is invariant under the 
action of at and on which at is norm continuous. T^o is the norm closure of this '-algebra. 
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Because the classical stress-energy-momentum tensor played a significant role in the classical 
and quantum descriptions of the linear scalar field in a stationary spacetime, it seems fitting to also 
spend a few words on the quantum stress-energy-momentum tensor. If the field theory on M can 
be extended to all globally hyperbolic spacetimes in a locally covariant way [3], e.g. \iV — cR+vt?, 
then there is a generally covariant way to define the renormalised stress-energy-momentum tensor 
[54j . However, in our setting it will be advantageous not to renormalise the stress tensor in a 
generally covariant way, but instead to exploit the extra structure of the stationary spacetime. 
(Nevertheless, our presentation of the classical and quantum stress tensor is based on existing 
treatments that fit in a generally covariant framework, e.g. |55|.) 

We may define a tensor field Gab on a sufficiently small neighbourhood U C of the 

diagonal A := {(x,x)| x & M} by the property that for any vector G T^'M, the vector 
g°''^{x)Gcb{x,x')v^{x') € TxM is the parallel transport of v along a unique geodesic connecting 
X to x' . (The uniqueness of the geodesic can be ensured by choosing U sufficiently small.) Using 
Gab and G°'''{x,x') := g°''^{x)g^'^{x')Gcd{x, x') we may write the classical stress-energy momentum 
tensor in terms of a differential operator as 

Tabi<t>) - {T:fU^')ix,x) 

= '^a(E>Vb-^GabG''''V,(g>Vd-\GabVV®VV. (15) 

Instead of letting the operator T^^''* act on the classical fields (f>^'^ , we can let it act on the normal 
ordered quantum field, 

: : (x, x') = $(x)$(x') - lj°(x, x'). 
For any vector ^ G 7ro(.4)r2o we may define the "Ho-valued distribution (density) 

TTir')^P := lim T^f : : {r'S„)^P, 

n— >-oo 

where (5„ G C°°(M^^) is a sequence of functions that approximates the delta distribution S{x, x') 
and f^^ is a compactly supported, smooth test-tensor (cf. [42]). The operator densely 
defined and it is a symmetric operator when is real- valued. Moreover, if y > everywhere one 
can show that Tl^j^ix^X^) 

is semi-bounded from below for real-valued test-vector fields tSSj 
In analogy with the classical case we define the quantum energy-momentum one-form and the 
energy density by 

in the sense of "Ho-valued distributions, when acting on 7ro(^)f2o- One may check that T^"^ is 
symmetric in its indices a, h and that 

where the Wick square : $2 ; the restriction of : ; ^o the diagonal A C M^^ jt follows from 
doV = that V^P^™ ~ 0, just like in the classical case. 

Remark 5.5 From a physical point 0/ view it seems reasonable to expect that for real-valued f the 
operator e'°"(/^) is semi-bounded from below, using the same motivation as for existing quantum 
inequalities !l55f . However, the details of the argument require that we can write ^"n^ -I- n""^^ — 
XjXj /'''^ some finite number of (real) vectors Xj- easy exercise shows that this is possible 
if and only if we are in the static case, where = Nn°' , in which case the single vector x"' = N~^£^°' 
will suffice. Thus, in the static case, the results of 155] apply and e''™(/^) is semi-bounded from 
below. 

There is another result, however, which does work very nicely in the general stationary set- 
tingEl 

^'^Note that the method of proof in 1551 would not be affected by the presence of the non- negative potential energy 
term V in the equation of motion. 

^^A similar essential self-adjointness result for the smeared stress-energy- momentum tensor in general globally 
hyperbolic spacetimes is much harder to obtain by a direct proof (cf. |56) for partial results). 
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Theorem 5.6 Under the assumptions of Theorem \5.1[ let lo'^ be the unique ground state. For any 
real-valued test-tensor f"''' , the operator T^^'f^^f"^^) is essentially self-adjoint on tiq{A)0,q. 

Proof: It follows from Lemma 14.91 (and second quantisation) that the operator h is essentially 
self- adjoint on the dense, invariant domain ■kq{A)^o and that 

[h + /, T^^f^'m = iTZ'^idof'^'w) 

for all "07 "0' in that domain. (Here we have used the fact that lu'^ is an equilibrium state.) The 
idea is now to use the Commutator Theorem X.36' of [TS' to prove essential self-adjointness of 
'^ab^if"'^)- This means we need to prove that for any test-tensor f^^ there is a C > such that 

r-"(rV> < c\\{h + ■\\{h + /)^'|| (16) 

for all G 7ro{A)^lo. By polarisation it suffices to take ■0 = ■(/;'. It also suffices to consider /"^ 
to be supported in a convex normal neighbourhood, by a partition of unity argument. Moreover, 
the antisymmetric part of does not contribute and the symmetric part can be written as a 
finite sum of terms of the form x°x^, so it suffices to consider = 

Now consider the operators n(/) for / e C^^iM). [n(/), n(/')] = [$(/), $(/')] = iEif, /'), so 
for any ip g Tro{A)flo the distribution 

4{fj') ■■=\m-'{^Mmirw 

is a Hadamard two-point distribution. As for the field $(/) one may introduce the normal-ordered 
product : n(/)n(/') : :— n(/)n(/') — ^3(7, /') and following [55^ one proves that the operator 

is semi-bounded from below. Hence, for some c > 0, 

TTix'-x") < TTix'-x') + flTix'-x') +cl = 2{T:f'a* ® a)(x"x''<5) + cl. (17) 

The first term on the right-hand side is the second quantisation of an operator T on 'Hq^'', for 
which we have 

($(/)f]o,T$(/)r!o) = 2(T:f*0®0)(x'^x'''5) 

= / lx''Va0|'-x'^Xa.9''^V;0Vc0-x"Xal^|0P (18) 

Jm 

< c' I |ao0p + h'^vfU'^fU + 101' 

for some c' > 0, where we defined := Ld2{-,f)- On the other hand, because the classical energy 
is independent of the Cauchy surface, H satisfies (cf. Lemma H3| 

£(0) = mf)no,H^f)no) 

= J^j{t)^(^N-'\do<t>\' + {Nh^' -N-'N^N^)vf^V^^^^ (19) 

where t G C5"(M) satisfies J t = 1. Choosing r > and t > on the compact support of x" 
and using the fact that Nh^^ — N^^N'^N^ is positive definite, the desired estimate Eq. ([T6l) easily 
follows from Eqs ([TTITTI ITTl) . □ 

Note that [T;T(/''^)7^o(W^(/'))] ^ whenever supp(/') n J(supp(/''^)) = 0. It follows from 
Haag duality that T^™(/°'') is affiliated to the local von Neumann algebra Tl{D{supp{f'^^))). 
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Lemma 5.7 Let E be Cauchy surface in a stationary, globally hyperbolic spacetime M. Let f £ 
C^{M), T e C^(R) with Jt = 1 and X ^ C^i^) such that x = ^ on supp(r) n J(supp(/)), 
where we view r, x as functions on M in adapted coordinates. Then 

[e-"(T®iV-ix),*(/)] =$Hao/) 

on TrQ{A)fto- 

Proof: We follow the computations in [52], Appendix A. 2. Fix a vector ifi G 7ro{A)flo, so that 
4>' := is a smooth function. Let (p :— E{.,f) and note that 9o0 — Edof, by the 

uniqueness of i?*. Using ui{[: : (x, x'), $(/)]) = i(f>{x)(f>' {x') + i<j)' {x)<j){x') we find after some 
algebra and using Eq. ([8]) 

tj([e'^™(-), *(/)]) = iiNh'^ - N-^N'N^)d,(j)dj(l>' + VN4)4>' + N-^do(t>do(t>' ■ 
Using the Klein-Gordon equation we may then compute for any Cauchy surface S' 

= i I {Nh'i - N-^N'N^)d,<j)dj(f>' + VN(j)(t)' + N-^do(l)do<j)' 

= / Lo{W'^%)Mm^l r(t)A^-ix^([e'-™(-), *(/)])• 
By polarisation the desired operator equality now holds on the indicated dense domain. □ 



6 KMS states in stationary spacetimes 

We now come to the thermal equilibrium states at non-zero temperature. We still consider a linear 
scalar field in a stationary, globally hyperbolic spacetime and we assume that the theory has a 
unique ground state as in Section |4] and a Hamiltonian operator h. In Section 16.21 below 
we will review the (quasi-free) states satisfying the KMS-condition, which exist for every inverse 
temperature /3 > 0. Afterwards, in Section [6.31 we show that their two-point distributions can be 
obtained from a Wick rotation, in case M is standard static (see also [4]). 

Before we come to this, however, we study the motivation to use the KMS-condition as a 
characterisation of thermal equilibrium in Section 16.11 In particular we show that for a standard 
static spacetime M with compact Cauchy surfaces we may also define Gibbs states to describe 
thermal equilibrium and these Gibbs states satisfy the KMS-condition. 



6.1 Gibbs states and the KMS-condition 

Consider, then, a stationary, globally hyperbolic spacetime M and a linear scalar field satisfying 
the assumptions of Theorem 15.11 If, for some inverse temperature /3 > 0, the operator e~^^ is 
of trace-class, i.e. if it has a finite trace, one may define the thermal equilibrium state to be the 
Gibbs state 

(20, 

Here we use the fact that the set of bounded trace-class operators on a Hilbert space forms a 
*-ideal in the algebra of ah bounded operators ([14] Rem. 8.5.6 or [18] Thm. VI. 19). 

We now show that these Gibbs states are well-defined whenever M is standard static and has 
compact Cauchy surfaces. Moreover, we explain that these Gibbs states satisfy the KMS-condition. 



Theorem 6.1 We make the assumptions of Theorem \5.1\ with the additional assumptions that M 
is a standard static spacetime with compact Cauchy surfaces, so that the theory has a mass gap. 
For any /? > 
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1. e is of trace- class and in particular the Gibbs state uj^^^ of Eq. i2(J\) is well-defined and 
normal w.r.t. the ground state 

2. the Gibbs state uj^^"^ is quasi-free and satisfies the KMS-condition at inverse temperature 
/3 > 0. 

Proof: By (T3] Proposition 5.2.27, the operator e~^^ has a finite trace on T-Lo if and only if e~^^ 
has a finite trace on "Hq^^ ~ /C and (3H is strictly positive. The latter is satisfied by our assumptions, 
so we only need to show that e~^^ has a finite trace. Our proof of this fact is adapted from the 
proof of nuclearity in 57]. 

We refer to Proposition l4. l41 for a convenient formulation of the ground one-particle structure, 
with JC ~ and H = \fC . By assumption, the theory has a mass gap, so \fC > el > 0. The 

exponential e^^^ is bounded and may be written as C~"(C"e~'^^) for any n > 1, where both 
C~" and the product in brackets are bounded. Because trace-class operators form an ideal in the 
algebra of bounded operators, it suffices to prove that C~" is trace-class. The operator C is a 
partial differential operator, while C~^" defines a distribution density u on by Theorem lA.il 
We then have C^uCy{x,y) = 5{x,y). Note that C (g) C is an elliptic operator on T,^^. Choosing 
n large enough, we can make u continuous. Because E is compact it follows that u G 
which implies that it is Hilbert- Schmidt ([18] Thm. VI. 23) and, by definition of Hilbert-Schmidt 
operators, C~" is trace-class, w^'^-' is normal with respect to the ground state by definition. This 
completes the proof of the first item. 

The quasi-free property follows from Proposition 5.2.28 of 13 . For the KMS-condition we 
follow fTTl and note that the function 

/(z) :^ 7ro(A)e*^''7ro(S)e~'^''e-'^''- T:o{A)e-^''e''''T:o{B)e-'"'e^^-'^^'' 

takes values in the bounded operators on for z = t + ir e S^, as < r < /3. By Lemma lA. 101 
it is continuous on S^ and holomorphic on the interior S^. Moreover, f{z) is trace-class, because 
either e^^"'^)'' or e"^'' is trace-class. Using the fact that \Tt{CD)\ < ||C|jTr|D| for aU bounded 
operators C and trace-class operators Di^ we see that Tr/(z) is a bounded, continuous function 
on S^, which is holomorphic in the interior. Dividing by Tre"^'' proves the second item. □ 

We see that, under suitable physical (and technical) conditions, Gibbs states are well-defined 
for systems in a finite spatial volume. In fact, we will see in Theorem 16.21 below that for given 
/3 > it is the only /3-KMS state on W satisfying some natural additional conditions. In general, 
however, the given exponential operator is not of trace-class and the definition of the Gibbs state 
does not make sense. In such cases one takes the KMS-condition to be the defining property of 
thermal equilibrium states. 

Theorem 16.11 together with the uniqueness result of Theorem 16.21 below, is a good indication 
that such a definition is justified. Further evidence comes from the analysis of [12] , who investigated 
the second law of thermodynamics for general C*-dynamical systems. They call a state w of such 
a system completely passive, if it is impossible to extract any work from any finite set of identical 
copies of this system, all in the same state, by a cyclic process. They then showed, among other 
things, that a state is completely passive if and only if it is a ground state or a KMS state at 
an inverse temperature /3 > This analysis applies to our situation, if we restrict attention to 
states which are locally normal with respect to the ground state (cf. Remark 15. 4p . We will see 
in Section 16.21 that quasi-free, KMS states do indeed satisfy this local normality condition. 



■^^Proof: if D is trace-class, we may choose an orthonormal eigenbasis of \D\ and use the Polar Decomposition 
Theorem (|14| Thm. 6.1.11) to write D = U\D\ for some partial isometry U. Then, 



\TtCD\ 



Y,{U*C*iJn,\D\iJn) 



< \\U*C*\\ \\\D\4>n\\ = \\C\\ Tt\D\. 



^*If if it is impossible to extract any work from only one copy of this system in the given state, the state is called 
passive. The set of passive states also contains convex combinations of the ground and KMS states. 
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because they are Hadamard. A more general and detailed study of the relations between passivity, 
the Hadamard condition and quantum energy inequalities was made by 

Probably the most direct motivation in favour of the KMS-condition is an analysis of [IT] (see 
also |13) ) which shows, in the context of quantum statistical mechanics, that a thermodynamic 
(infinite volume) limit of Gibbs states satisfies the KMS-condition. Reformulated to our geomet- 
ric setting, the idea is to approximate h by operators ho, where O C S has finite volume, such 
that e'*^° e 71(0(0)) = tto(W(D(0)))" for all t e M, where D(0) C M den otes the domain 
of dependence. If e~^'^" is a trace-class operator on ■Ho(O) := ttqCW (D(0)))flQ for some /3 > 0, 
then it gives rise to a Gibbs state uj'^^''~'\ The argument of [11 shows that, under some additional 
assumptions on the ho, one may show that the thermodynamic limit w'^'^^ :— \imo-^s i^^^'*^-* exists 
and is a /3-KMS state. In the case of non-relativistic point-particles in Minkowski spacetime, an 
explicit construction of the approximate Hamiltonians ho and the corresponding limiting proce- 
dure is described in detail in [T3] (see also [55] , where the thermodynamic limit of a non-relativistic 
free Bose gas was investigated in detail). 

For a quantum field it is tempting to choose ho to be of the form ho — e'°"(/) for some suitable 
/ e C^(D(0)), in view of Theorem 15.61 and Lemma [5.71 However, the argument becomes more 
problematic for two reasons. Firstly, the restriction to a bounded open region O does not entail the 
desired reduction in the degrees of freedom, due to the Reeh-Schlieder property: if O is non-empty, 
the subalgebra TZ(D(O j) already generates the entire Hilbert space Ho when acting on the ground 
state vector fig. Secondly, and more to the point, the operators e~^''° cannot be trace-class. In 
fact, the only trace-class operator X e TZ(D(0)) is X = 0, because Ti(D(0)) is a type IIIi factor 
(Thm. 3.6g) of [SOI) El This means that no ho can possibly satisfy the assumptions made in [TT| . 
Even in a spacetime with a compact Cauchy surface S, the Reeh-Schlieder property of the ground 
state and the type of the local von Neumann algebras prevent us from finding appropriate Gibbs 
states to define thermal equilibrium states in any bounded region V C T, which is strictly smaller 
than E. All this in spite of naive physical intuition and the positive results for quantum statistical 
mechanics. 

It is possible that other techniques, such as local entropy arguments can be employed to 
elucidate the local aspects of thermal equilibrium for quantum fields, but we are not aware of a 
detailed treatment of this issue. We must therefore conclude that, even though it is still perfectly 
satisfactory to use the KMS-condition as the defining property of global thermal equilibrium, the 
local aspects of thermal equilibrium and temperature of a quantum field are presently not well 
understood. 

6.2 The set of KMS states 

We now discuss the existence and uniqueness of KMS states, in general stationary, globally hy- 
perbolic spacetimes. 

We first consider the properties of a particular quasi-free KMS state: 

Theorem 6.2 Let M be a globally hyperbolic, stationary spacetime and consider a linear scalar 
field with a stationary potential V such that > 0. For any /3 > there exists a unique quasi- 
free /3-KMS state w^'^^ on W, for which the one-particle structure associated to the two-point 
distribution is non-degenerate. 

Let (H(^), 7r(^-), Slj^)) be its GNS-triple and let H be the self-adjoint generator of the unitary 
group that implements at in the GNS-representation. Then the following properties hold: 

1. u}^-^'^ is a regular (D°° ) state on W, 

2. 7r(^) is faithful, 

^^For a proof, consider a trace-class operator X g TZ{D{0)), so that \X\ has a discrete spectrum. Suppose that 
P S TZ{D{0)) is a spectral projection operator P'R,{D{0)) onto an eigenspace with an eigenvalue c 7^ 0. As |X| 
is trace-class, P must project onto a finite-dimensional subspace, so it is a finite projection in the von Neumann 
algebra 7^(D(0)). However, since 'R,{D{0)) is a type IIIi factor, it does not have any non-trivial finite projections 
(see e.g. |14|). Thus, P = and the only possible eigenvalue of \X\ is 0, which entails X = 0. 
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3. LjJ^^^ satisfies the microlocal spectrum condition, 
4- w^*^-* is locally normal w.r.t. uj^ , 

5. a;(^) has the Reeh-Schlieder property, i.e. for any open set O d M the linear subspace 
7r(^)(yV(0))f2(^) is dense in T-L[p), 

6. lim^-^oo w^*^-* — Lu^ in the weak* -topology. 
1. 7r..(>V) e D{e~^") and for all A, B e W 

{T:UA*)^^,7:UB*)n^) = {e-^"7r^{B)n^,e-^"7r^{A)n^). 

Again, both the Hadamard property holds for all KMS states and the Reeh-Schlieder property 
is known for all quasi-free D'^ KMS states. The last item establishes a relationship between the 
KMS-condition and the Tomita-Takesaki modular theory. 

Proof: The existence and uniqueness of cj^^^ follows from Proposition 12. 181 and 14.101 (Note that 
i^W ig not pure, so Theorem 12.161 does not apply. In order to obtain uniqueness we therefore 
imposed that w^^-' be quasi-free, cf. Theorem 15.1 1 *) As w'^' is quasi-free and Wj^'' is a distribution 
(density), w'^''' is a D°° state on W and tTcj is faithful because W is simple. 

The Hadamard property is again a special case of the results of [48] and the microlocal spectrum 
then follows from [32] ■ [3S] has shown that quasi- free D°° equilibrium states enjoy the Reeh- 
Schlieder property and local normality (or even local quasi-equivalence) was proved in |51| . 

Using Theorem 14.121 one may show that lim^_j.oo i^2^^(/, /) — 1^2 (/j/)- (Indeed, the range of 
Pel is in the domain of |i?e|~^ by Proposition 14.51 and the functions F{x) e~'?^y ^_^^_^^ and 

G{x) :— ^ i^e-t*^ ~ converge uniformly to on the positive half line as /3 — > 00. The explicit 
expression for p(^) and the Spectral Calculus Theorem for the functions F{\He\) and G{\He\) then 
prove the claim.) It follows that lim^_j.oo — '^°(W^(/))i because the w^'^^ and are 
quasi-free. Hence, lim^_>.oo w^^^ = ui^. 

As L^(^) is locally normal w.r.t. it extends in a unique way to a locally normal state on 
TZ, which contains a dense, C*-dynamical system TZq (cf. Remark 15. 4[) . for which w is again a 
/3-KMS state (by Proposition 12.81 and a limiting argument). The GNS-representation vr^ of uj on 
TZ restricts to the GNS-representations of TZq and of W, which all generate the same Hilbert space 
Hcj. The final item then follows from [17] Theorem 4.3.9. □ 

It is known that the state uj^^^ is not pure, but it can be purified by extending it a doubled 
system [60]. This abstract procedure finds a natural interpretation in the setting of black hole 
thermodynamics [36j . 

Using w(« in combination with Proposition 12.191 we can characterise the space ^^^^^(yV) of 
all /3-KMS states by constructing an affine homeomorphism onto the space of all classical ground 
states, ^°(W=')- This leads to the following resuhs (cf. Theorem and lO]) : 

Theorem 6.3 Under the assumptions of Theorem \5.1\ and for given /3 > 0, let he the fS-KMS 
state of Theorem \6.S\ Then there exists an affine homeomorphism A(^) :^^*'(yV"^')— ^■^^'^''^(yV) which 
is given for all f ^ L by 

\p){p){W{f)) ■.= u^P\W{f))p{W{f)). 
Let Lo € ?^^^-'(yV). Then the following hold true: 

1. u} = A(^)(/9) is C'^, resp. D'^ , k — 1,2,..., if and only if p is , resp. . 

2. ifio is an extremal ground state, then there is a* -isomorphism a^j o/W such that uj — a^w'-'^-' 
(and a^j 'is a gauge transformation of the second kind). 

The proof is analogous to part of the proof of Theorem 15.21 
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6.3 Wick rotation in static spacetimes 

In the previous section we have shown the existence of unique non-degenerate /3-KMS one-particle 
structures for a hnear scalar quantum field on a stationary, globally hyperbolic spacetime, provided 
the interaction potential is stationary and almost everywhere strictly positive. In this section we 
will show that the corresponding two-point distributions can also be obtained by a Wick rotation, 
in case the spacetime is standard static. The geometric backbone of the argument was already 
presented in subsection 13. 3[ so in this section we may focus on the functional analytic aspects 
of the technique of Wick rotation. The results we describe correspond to those in [4 , but our 
presentation focusses more on the operator theoretic language. The case of i? = oo, which leads 
to a ground state, has already been described in some detail in [46], so we will focus primarily on 
the case R < oo. 

6.3.1 The Euclidean Green's function 

For some R > consider the complexification and the associated Riemannian manifold Mn 
of a standard static globally hyperbolic spacetime M. Because the Laplace-Beltrami operator □ 
on M is defined in terms of the metric and the potential V is assumed stationary, there is natural 
corresponding Euclidean Klein-Gordon operator on M^, namely Kji := —Og^ + V. Our first task 
is to find a preferred Euclidean Green's function, which will be the starting point for the Wick 
rotation that should lead to a two-point distribution on the Lorentzian spacetime M . 

Definition 6.4 A Euclidean Green's function is a distribution (density) Gr on which is a 

fundamental solution, {Kj^)xGii{x,y) — {Kji)yGft{x,y) = S{x,y), of positive type, Gu{f,f) > 
for allf€C^{MR). 

Just like there are many (Hadamard) two-point distributions on M, there may be many Green's 
functions on Mr. The common wisdom is to obtain a preferred one by the following method: the 
partial differential operator Kf( can be viewed as a positive, symmetric linear operator on the 
domain C§°{Mii) in L'^{Mb). Assuming Kji is self-adjoint and strictly positive, it has a well- 
defined inverse. We may then take G(/, /') (/, Kji /'), whenever this is a distribution. In an 
attempt to substantiate this procedure we will analyse the operator Kb. in some more detail. 

For a standard static spacetime M we have A^* = = w, so Eq. ([22l) simplifies to 

N^KN^ ^ d'i + Co, (21) 

where Go is the partial differential operator 

Co := -N^-^/f^Nh'^^/f^N^ + VN'^ 

acting on G^{T,) in (cf. Proposition 14. 14| ) . Recall from subsection 14.11 that the powers | 

and ^ of A to the left and right of K were chosen in such a way that Co is symmetric and at 
the same time the operator i9g appears without any spatial dependence. In the case at hand that 
completely separates the Killing time dependence from the spatial dependence. 

In a similar manner we may split off the imaginary Killing time dependence of Kn. For this 
we will view the circle S]^ of radius i? as a Riemannian manifold in the canonical metric dr^. In 
analogy to the Lorentzian case (cf. Sec. 14. ip . there is a unitary isomorphism 

UR:L'{MR)^L'{S]f)®L'{^): f^^/Nf, 

onto the Hilbert tensor product, because rfvolg^ = Ndr dvolh. Then, NiKaN^ — —d^ + Co, with 
the same operator Co on E as in the Lorentzian case. More precisely, we have 

UrNKrNU^^ D BR(g)I + I(g)Co, (22) 

where the operator Br := —d^ acts on the dense domain C^{S}f) in L^{Sjj) and the operator on 
the right-hand side is defined on the algebraic tensor product of the domains of Br and Co . 
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The properties of the operator Bj^ are weU-known and we quote them without proofF^ 

Proposition 6.5 The operator Bj^ := —d^ is essentially self-adjoint on C^{Sli) in Lp'^S]^). If R 
is finite, there is a countable orthonormal basis of eigenvectors ipn{T) '■— ^■^ttR ^"^'^^^ ' " ^ with 

2 

eigenvalues A„ := 

Note that for finite R the operator Bfj is positive, but not strictly positive. From now on we 
will use Bn to denote the unique self- adjoint extension found in Proposition 16.51 to unburden our 
notation. 

Together with the results for C fProposition 14. 14]) . Proposition 16.51 implies 

Theorem 6.6 For any R > the operator NK^N is essentially self-adjoint on C^{Mi^) in 
L'^{Mj^), its closure is strictly positive with NKjiN > VN'^ and the domain of {NKj^N)^^ 
contains C^{Me)- 

Proof: By Theorem VIII .ii in [TS] the sum i?/j(g)/-|-/(g)C is essentially self-adjoint on the algebraic 
tensor product V := Cg^{S}^) (g) C^(S), because both Br and C are essentially self-adjoint on 
the space of test-functions. By Eq. ([^ the operator UrNKrNU'^'^ extends Br ® I 1 ® C and 
Ur is unitary, so NKrN is already essentially self-adjoint on the smaller domain Uj^^V. In fact, 
because V c €^{3}^ (E> E) in 1^(3}^ S, dr dvolh) we have UrNKrNU^^ = Br(S, I + I ®C > 
I ®C >I ® VN"^ on V. It follows that NKrN > VN^ on U]^^V and hence on C^{Mr). The 
claim on the domain of {NKrN)~^ then follows from Lemma [A. 81 in Appendix \K\ □ 
In the ultra-static case, where N is constant. Theorem 16.61 (in combination with Theorem 

lA.ip suffices to justify the procedure to define a Euclidean Green's function by Gi?(/, /') :— 
1 1 

{Kr ^ f,KR ^ f). In the general case, however, the study of the self-adjoint extensions of the 
operator Kr is more complicated!^ Nevertheless, we can define a Euclidean Green's function by 
a slight modification of the common procedure as 

Gfl(/, /') := {(NK^r^Nj, (NK^)-^Nf'), (23) 

using Theorem 16.61 and the fact that multiplication by is a continuous linear map on C^{M). 
It is straightforward to verify that this satisfies all the requirements to be a Euclidean Green's 
function and we will see shortly that this choice of the Euclidean Green's function will indeed 
allow us to recover the KMS two-point distributions. 



6.3.2 Analytic continuation of the Euclidean Green's function 

We may now prove the following important result, which establishes the explicit Killing time 
dependence of the Euclidean Green's function and its analytic continuation: 

Theorem 6.7 Consider a standard static globally hyperbolic spacetime M. For each R < co 
there is a unique continuous function Gr{z,z') from into the distribution densities on S^^, 
holomorphic on the set where Im(z — z') 7^ 0, such that for all x, x' € C^{S\j) and /, /' € C^{Yj) 
we have 

{Ur\x ® f),GRU]i\x' ® /')) = f dr dr' x{r)x' ir')G'R{iT, it'- /, /') 

with z — t -\- ir. When Im(z — z') G [— 27ri?, 0] it is given by 

G^Riz, z'- 7, /') := {G-'-Nf, + f^y 

^ ^ 2sinh(7ri?VC) 



■^^This follows e.g. from Thm. II. 9 in I18| by rescaling to ij = 1. 

■^^Some partial results are the following: (i) When V = rn? > 0, Kji is essentially self-adjoint on Cq°{Mii) in 
L^{Mji) if and only if its range is dense, in which case its closure is strictly positive. For this to be the case it is 
sufficient that A^"^ is bounded, (ii) If the Riemannian manifold {Mii,gii) has a negligible boundary (cf. [61]), then 
Kji is essentially self-adjoint and its closure is strictly positive. Unfortunately, the boundedness of does not 

hold if the spacetime is the exterior region of a black hole, while the condition in (ii) may only hold for very special 
choices of R. 
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Proof: It suffices to check that the given formula for satisfies all the desired properties, but let 
us first sketch a more constructive argument to see where the formula comes from. When we try 
to extract the Killing time dependence of Gu, as defined in Eq. (|23l) . we may make use of the fact 
that the inverse of the strictly positive operator NKnN can be found as a strongly converging 
integral of the heat kernel, 



da e-"^-^«^V = {NKrN)-'iP (24) 



for all ip € D{{NKiiN) ■^). The importance of the heat kernel (i.e. the exponential function) is 
that it allows us to separate out the Killing time dependence. Indeed, for all a > there holds 
g-aNKuN ^ Uj^'^e~"^"(E)e-°'^UR, because of Trotter's product formula ([18 Thm. VIII.31). Now 
let A„, n € Z, denote the eigenvalues of Br and P„ the corresponding orthogonal projections. Then 
we may perform the integral over the kernel to find Ub{N KrN)-'^Uj^^ Pn = P„ (C + A„)-i. 
Summing over n we then expect the formula 

where we have written P„ as an integral kernel on (S^)^^ and we substituted the values of A„. 
The sum over n can be performed (cf. [62] formula 1.445:2) in the sense of the Spectral Calculus 
Theorem, leading to 

" 27^^/Csinh(7ri^^/C) 

The analytic continuation is then obvious. 

Let us now verify that the given formula for Gr has the desired properties. First note that for 
each z,z' with Im(z — z') S [— 27r_R, 0] it defines a distribution density on by Theorem lA.li 
because multiplication by is a continuous linear map from C^(S) to itself and C^(S) is in the 
domain of C~ = , by Proposition 14.141 and of 



C0s((t -t' + ■kR)VC) ^ ,^(iz-iz'-2TrB.)VC _|_ ^-i(z^z')VC\/j _ g-27r_R\/C\- 

sinh(7ri?%/C) 



by the Spectral Calculus Theorem. Moreover, both exponential terms in the first factor of the last 
expression are bounded operators that depend holomorphically on z,z' as long as Im(2: — z') G 
{—2wR,0). This proves the continuity and the holomorphicity claims. As the uniqueness is clear 
from the Edge of the Wedge Theorem, it only remains to prove that it restricts to Gr. 
For any /, /' e C^{T,) the function 

is continuous for t — r' G [—2ttR, 0] and holomorphic in the interior. We may compute the deriva- 
tives in the distributional sense, which leads to 

-S^G^(zT,zr';7,/') = -9^,G^(zr, /, /')_ 

= -G^,(zT, tr';N'^CNf, /') + S{t - T'){Nf, N f) 
= -G-RiiT, it' -J, N-^CNf ) +5{t- T'){Nf, N f) . 

Letting UrKrU]^^ = N^^{—d^ + Co)N^^ act on G\{iT, it'] x, x') from the left and right we find 

- dlG%{iT, it'] /') + G%{iT, zt']N-^CN-^J, f) = 

-dl,G'i,{lT,lT'-J,N-^f')+G'R{lT,lT'rf,N-'CN-^f') = 5{T-T'){f,f'), 

which shows that the restriction of G^ to (5^)^^ is indeed the Euclidean Green's function. □ 
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The case R — oo can be treated using similar methods, now using [55] formula 3.472:5 (cf. 
[46) ) . The result is the distribution density valued function 

GS,(z,z';7,/') := ^{C-'^ N f,e~^^^~^'^^ N f). 
Alternatively, this expression can be obtained as the limit 

G^(z,z';7,/')= lim G^z, z'Jj') 

for fixed /, /' e C5"(i;), using Lemma ETO] 

6.3.3 Wick rotation to fundamental solutions and thermal states 

Using the analytic continuation we now want to complete the Wick rotation by considering 
the restriction to real values z = t and z' = t' . Following 0] we show how the thermal two-point 
distribution and the advanced, retarded and Feynman fundamental solutions are obtained. 

Both for t > t' and t < t' we can approach the real axis from above, Im(z — z') > —2ttR, and 
from below, Im(z — z') < 0. This prompts us to define the following functions on with values 
in the distribution densities on E^^: 



S-{t,t'-fJ') 



= ie{t - t') {G%{t, t'- /, /') - G^(t - 2mR, t'- /, /')) 

= -id{t' - t) {G'i.it, t'; /, /') - G'kit - 2mR, t'- /, /')) 

= ie{t - t')G%it, t'- /, /') + id{t' - t)G'k{t - 27:^R, t'; /, /'). 



Note that the S"^ and S'^ are given by 

<^^{t,t'-J,f) = ±0{±{t-t')){C-iNf, sin (^{t-t')Vc)Nr) (25) 

cos({\t-t'\+inR)Vc) 

'^Rit,t'-JJ') = i{C-^Nf, ^ ^-Nf). 

2 sin { IT RVc] 



They give rise to distribution densities on Af^^ defined by 

E^ix^f^x'^f) J dtdt' x{t)x'it')'^^it,t';VNf,^f) (26) 

E^ix ^ /, X' ® /') := / dt dt' x{t)x'{t'Wi {t, t'; VNf, ^Nf), 



and using Schwartz' Kernels Theorem to extend the distribution to all test-functions in G(^{M). 
(Note that the factors ^/N are required to account for the change in integration measure and they 
can equivalently be written in terms of the unitary isomorphism U.) 



Proposition 6.8 S^{t,t'-fJ') = S^{t\t- f, f) =S±{t,t'-fJ') ^ S±{t,t' ■ f\ f) andE^,E^ 
are left and right fundamental solutions for the Klein- Gordon operator K = —D + V . 

Proof: The first sequence of equalities follows directly from Eq. ((25|) and the fact that -L^(S) 
caries a natural complex conjugation which commutes with the operator G and any real-valued 
function of G. To see that the distribution densities are fundamental solutions we use Eq. (PT|) to 
find 

UKU-\x ®f)=X® N-^GN-^f + d^x ® N~^f 
and we use the fact that 

d^Cjiit, t'- N~^f, /') + G^(t, t'- N-^CN-^f, f) = 0. 
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(The differentiations can be carried out by going into the complex manifold Af^, where is 
holomorphic, and then extending by continuity to the boundary.) For the case of E^{t, t') we then 
have, by Eq. (^5)) : 

{{K ® I)E^){U-\x ® /), U-\x' ® /')) 
= E^{U-\x ® N-'CN-\f), U-\x' ® /')) + E^iU-\dh ® A^^V), U'^x' ® /')) 

= ± J dt dt' xit)xit')d{±{t-t')){VCN-^J,sm(^{t-t')VC^ Nf) 

+dh{t)x'{m±{t - t')){C--^N-^7,sm ((i - t')Vc) Nf). 

We account for the factors 9 by restricting the domain of integration and then perform partial 
integrations, after which we are only left with the boundary terms, which immediately yield the 
result. By the symmetry properties of tS"^ , E^ is also a right-fundamental solution. The result for 
E^ follows from a similar computation. □ 

It follows from the support properties of the distribution densities E^ that they are the ad- 
vanced (— ) and retarded fundamental solutions, so our notation is consistent. (As Eq. (|25|) 
shows, they are independent of R, in line with the uniqueness of these fundamental solutions.) E^ 
is the Feynman fundamental solution, as can be inferred from the fact that the real axis oi t — t' 
is approached by a rigid rotation from the imaginary time axis in counterclockwise direction. It 
does depend on the choice of R and it defines a choice of two-point distribution as follows: 

Proposition 6.9 For Q < R < oo the function G%.{t,t') = ~ S-){t,t') on R^^ has a 

corresponding distribution density Wj*^-* :— ^i{E^ — E^) where we set /? :— 2tiR. uj^^'^ is the 
two-point distribution density of uj^^'> (as defined in Theorem \6.2\) and 

u:f\u-\®f,U-^x'®n = J dtdt' x{t}x'{t')GUt,t'-JJ') 

f , ,/ /N ///x,^ 1 -T cos((t — t' + iTTR)\/C) 

= / dt dt' x{t)^{t'){c--vf, ^; . ^. jy ' vf'). 

J 2smh(7ri?vC) 

Proof: The equality G'j^{t,t') = —i{Sj^ — S~){t,t') follows directly from the definitions of G^, 
Sp and <^~, so it remains to check the properties of 0^2^^ lu^'^ is a bisolution to the Klein- 
Gordon equation because it is —i times a difference of two fundamental solutions (Proposition 
16. 8p . Furthermore, comparison with Eq. (|25l26p shows that the anti-symmetric part of uj'^^ is 
given by ^{E~ — E^). Remembering that dt — Nn'^Va and that the restriction of a distribution 

density from M to E incurs a factor we find that the initial data of u!2^'' are given by 

4%(7i,/0 = ^(G-^7V^/i,coth(^^G^)iV^/{), 

4%i7J') = ^{IJ') = -4'W^n^ (27) 
^^f'Al/oJo) = i(G^7V-^/o,coth(^^G^)iV-^/^). 

On the other hand, the non-degenerate /3-KMS one-particle structure, which is described in Propo- 
sition |4?14] for the standard static case, defines a two-point distribution whose initial data coincide 
with those in Eq. (|27p , as one may verify by a short computation. This proves that Wj^-* , as defined 
above, is indeed the two-point distribution of w^'^^. □ 

Using similar techniques one may treat the case R ~ 00, which leads to the two-point distri- 
bution of the ground state of 15.11 The fact that the ground state obtained from a Wick 
rotation corresponds to that defined by Lorentzian methods was previously established in |46) . 
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A Some useful results from functional analysis 

In this appendix we collect some results from functional analysis, to make our review self-contained. 
Most of the proofs are omitted, because they are elementary or make use of standard methods. 
For more information we refer the reader to [M], [18] and to [36] for strictly positive operators. In 
particular these references contain a detailed formulation of the Spectral Calculus Theorem f |14) 
Sec. 5.6, or [IB] Thm. VIII.6). 

If X -.Hi —>-'H2 is a linear operator between two Hilbert spaces "Hi, we denote the domain of 
X hy D{X). We wish to record the following useful relation between operators on a Hilbert space 
and distributions. 

Theorem A.l Let be a closed, densely defined linear operator between two Hilbert 

spaces Hi and let L : C^{M) — > Hi be an Hi-valued distribution density. If the range of L is 
contained in D{A), then f XL{f) is an H2-valued distribution density. 

Proof: If X is a bounded operator this is immediately clear from ||XL(/)|| < ||X|| • If 
X is a self-adjoint operator on Hi = H2 we may use its spectral projections P{-n.n) onto the 
intervals {—n, n) to define bounded operators X„ :— P^_n,n)^ for n € N. Each X„L defines a 
distribution density and lim„_, XnL{f) = XL{f) for ah / €C^{M), because L{f) € D{X). From 
the Uniform Bounded Principle ([TH] Thm. HI. 9) and the definition of the test- function topology 
we see that XL also defines an ?^2-valued distribution density. The general case now follows from 
the polar decomposition. Theorem 6.1.11 of [14], which allows us to write T = V{T*T)^^ where 
V is bounded and {T*T)2 is a self-adjoint operator on Hi with the same domain as T. □ 

We now turn to injective (and therefore invertable) operators on a Hilbert space, starting with 
the following four general Lemmas: 

Lemma A. 2 A densely defined, closable and injective operator A in a Hilbert space H has an 
injective closure A if and only if A^^ is closable. 

Lemma A. 3 If A is a densely defined, injective operator with dense range, then A* and (A^^)* 
are injective and (A*)~^ = (A~^)* . 

Lemma A. 4 A self-adjoint operator X is invertible if and only if it has dense range on any core. 

Lemma A. 5 If X is self-adjoint and invertible, then X~^ is self-adjoint and invertible, where the 
domain of X~^ is the range of X . If T> is a core for X , then XT) is a core for X~^. 

These Lemmas can be proved using entirely elementary methods. 

As positive invertable operators are particularly useful we make the following definition. 

Definition A. 6 A densely defined operator X in a Hilbert space H is called strictly positive if 
and only if X is self-adjoint and for any 7^ (/) G D{X): {(j),X(f>) > 0. 

Several equivalent characterisations can be given as follows: 

Lemma A. 7 For a positive, self-adjoint operator X the following are equivalent: i) X is .strictly 
positive, a) X is injective, Hi) X has a dense range on any core, iv) X^^ is strictly positive. 
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Proof: i) is equivalent to iv) by Lemma [A.Sl because {4>,X ^(j)) = {Xip,ilj) when (f) :— Xij). The 
imphcation i)=^ii) is immediate and ii) is equivalent to iii) by Lemma lA.41 To see that ii) implies 
i) one uses the Spectral Calculus Theorem and the fact that {(f>,X4)) — implies = and 

Xcf) = Q.li X is injective, this means that = 0. □ 

The following estimate is often useful to find strictly positive operators, in particular in com- 
bination with Lemma I A. 91 below. 

Lemma A. 8 Let X and Y he positive self-adjoint operators with X strictly positive and assume 
that Y > X on a core for Y^. Then Y is strictly positive, DlY^'i) D D{X^2) and Y~^ < X~^ 
on D{X-^). 

Proof: Let T) denote the core for Y^ on which the estimate holds. The estimate 5; ll^^^l 

ioi ip G V can be extended to the entire domain D{Y2). Because X is strictly positive the same 
must be true for Y by Lemma [A. 71 By Lemma [A.5[ || ATs y~ 2 ^/)|| < on D{Y~2'j. Note in 
particular that the range of Y~2 is contained in D{X2). As X^Y~2 is bounded on D(y~2 ) we 
also find that the range of X2, which is D{X^2'J^ is contained in the domain of (Y^^)* = F^^. 
It now follows that (X^Y^^y = Y^^X^ on D{X2). As ||X2y^2|| < 1 we must also have 
< 1, which implies that 11^^5-011 < HX"^?/)!] on D{X^^) and the conclusion follows. 

□ 

Lemma A. 9 Let A > be a densely defined, positive operator. Then the Friedrichs extension A 
is positive and D(A) is a core for A^ . 

The following lemma concerns the heat kernel: 

Lemma A. 10 Let A be a positive self-adjoint operator on % and let C+ :— {z e C| Re(z) > 0} be 
the right half space. Then the function z 1— e~^^ is holomorphic on C+ with values in the bounded 
operators on % and for each 4) £ Ti the function e~^^'4' continuous on C+. 

To close this appendix we provide some facts concerning multiplication operators on the L^ 
space of a semi-Riemannian manifold: 

PropositionA.il Let {M,g) be an orientable semi-Riemannian manifold, let w € C°°{M) 
and let W be the corresponding multiplication operator in L'^ (M , dvolg) , defined on C^{M) by 
{W f){x) = w{x)f{x). If \w\ is bounded, then W is bounded. If vu is real-valued, then W is essen- 
tially self-adjoint. W is (strictly) positive if and only if w is (strictly) positive (almost everywhere). 
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